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ABSTRACT  
 
Bai, M., and Wu, J., 2019. Iterative sparse deconvolution using seislet-domain constraint. 
Journal of Seismic Exploration, 28: 73-88. 
 
 Deconvolution can help improve the resolution of seismic data. We introduce a 
deconvolution formulation that can arbitrarily select the resolution level of the seismic 
data by defining a simple squeezing factor. Considering the ill-posedness of the 
deconvolution problem, some proper regularizations should be added when iteratively 
solving the deconvolution-related inverse problem. Traditionally used Fourier-domain 
constraint can be effective only when the seismic data contains linear events. We propose 
a seislet-domain constraint to regularize the deconvolution problem to deal with the 
curved events in seismic data. The seislet transform compressed the seismic data along 
structural direction, and thus can obtain the optimal sparsity. We apply the proposed 
method to both synthetic and field data examples and obtain encouraging performance. 
 
KEY WORDS: deconvolution, noise attenuation, seislet transform, sparse inversion,  
    regularization. 
 
 
INTRODUCTION 
  
 The successful characterization of subsurface hydrocarbon reservoirs 
from seismic data highly depends on a clean and high-resolution seismic 
image. A lot of methods have been developed to improve the quality of 
seismic images. One widely used approach to improve seismic image is to 
apply some random noise attenuation approaches to remove the noise (either 
generated from the migration artifacts or from the ambient noise on the raw 
pre-stack seismic data)  (Gan et al.,  2016d;  Zu et al., 2017a,b;  Chen, 2018). 
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 The simplest denoising method is by stacking the seismic data along 
the offset direction (Yang et al., 2015; Xie et al., 2017). By stacking the 
useful signals from multiple traces and multiple directions (e.g., offset and 
midpoint), the signal is enhanced while influence of noise is mitigated. 
Prediction based methods utilize the predictable property of useful signals to 
construct prediction filterers to enhance signals and reject noise, for example, 
f-x deconvolution (Canales, 1984), non-stationary predictive filtering (Liu et 
al., 2012; Liu and Chen, 2013). Sparse transform based approaches first 
transform seismic data to a sparse domain, then apply soft thresholding to 
the coefficients, finally transform the sparse coefficients back to the time-
space domain. Widely used sparse transforms are Fourier transform (Zhong 
et al., 2016), curvelet transform (Zu et al., 2016), seislet transform (Gan et 
al., 2015b, 2016a; Wu et al., 2016; Gan et al., 2016b), Radon transform (Xue 
et al., 2016, 2017), and different types of wavelet transforms (Liu et al., 
2016c,b). A recently popular transform is based on the machine learning 
engine to train adaptive transform basis in order to better deal with the 
complexity in various types of seismic data, which is called the dictionary 
learning based sparse transform (Chen, 2017; Siahsar et al., 2017a,b). 
Decomposition based approaches decompose the noisy seismic data into 
different components and then select the principal components to represent 
the useful signals. Empirical mode decomposition and its variations (Chen 
and Ma, 2014; Chen, 2016; Chen et al., 2016a, 2017b,d,a), variational mode 
decomposition (Liu et al., 2016a, 2017, 2018), singular value decomposition 
based approaches (Gan et al., 2015a), morphological component 
decomposition based approaches (Li et al., 2016a,b; Huang et al., 2017, 
2018a), regularized non-stationary decomposition based approaches (Wu et 
al., 2018) are frequently used to extract the extract the useful components in 
multi-dimensional seismic data. Rank-reduction based approaches assume 
the seismic data to be low-rank after some data rearrangement steps (Bai et 
al., 2018). Such methods include the Cadzow filtering (Chen et al., 2016b,c; 
Zhang et al., 2017; Siahsar et al., 2017c), Mean and median filters utilize the 
statistical difference between signal and noise to reject the Gaussian white 
noise or impulsive noise (Gan et al., 2016c; Bai and Wu, 2017; Chen et al., 
2017c; Huang et al., 2018b). Instead of proposing a standalone denoising 
strategy, Chen and Fomel (2015) proposed a two-step denoising approach 
that tries to solve a long-existing problem in almost all denoising approaches: 
the signal leakage problem. By proposing a new concept called local 
orthogonalization, Chen and Fomel (2015) retrieved the coherent signals 
from the removed noise section to guarantee no signal leakage in any 
denoising algorithms. 
 
 All the published methods have their own pros and cons regarding the 
denoising assumptions. Increasing the resolution of seismic data is also of 
great importance to seismic data processing. Seismic deconvolution is such 
as a process to uncover the subsurface reflectivity structure by removing the 
earth response from the data. In this paper, we first introduce a framework in 
which the noise attenuation problem and the resolution enhancing problem 
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are solved simultaneously (Chen and Jin, 2015). We first review the 
convolution model widely used in the traditional seismic deconvolution 
literature and then introduce a new inverse problem for simultaneously 
removing noise and increasing resolution. Considering the ill-posedness of 
the new inverse problem, a proper regularization should be applied. 
Traditionally used Fourier-domain sparsity constraint cannot be effective 
when the subsurface structure becomes complex (Chen and Jin, 2015; Bai 
and Wu, 2018). To deal with the curving reflector structure, we propose to 
apply the seislet-domain sparsity constraint to regularize the inverse problem. 
The seislet transform compresses the seismic data along the structural 
direction and thus can hopefully obtain the optimal sparsity for seismic data 
compared with the state-of-the-art algorithms. Bot synthetic and field data 
examples are used to demonstrate the superior performance of the proposed 
method. 
 
 
THEORY 
 
Deconvolution formulation 
 In the case that no random noise involved, the convolution model 
for post-stack seismic data can be expressed as: 
 
    ,              (1) 
 
where d denotes seismic data, note that the multi-dimensional seismic 
data has been reshaped into 1D vector in the formulation, W is the 
wavelet convolution operator and r is the subsurface reflectivity. 
 
 Suppose we can enhance the resolution of the seismic data by 
squeezing the wavelet, we can use the similar convolution model to 
denote the synthesized process: 
 
    ,              (2) 

where dS denotes the squeezed seismic data,  is the convolution 
operator that is composed of the squeezed wavelet  . 

and  denote the squeezed and the original wavelets, respectively. 
λ (> 1) is the squeezing factor. Usually we choose λ = 4 to balance the 
resolution enhancement and the interpretation difficulty. 

 In our formulation, the generalized deconvolution aims to obtain 
the data as if the real seismic wavelet is the squeezed wavelet, we can 
combine eqs. (1) and (2) and formulate the following equation: 

d = Wr
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<latexit sha1_base64="KeZSew8WDfugMOZPNkPZuDAAmhI=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbTbt2swm7E6WE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9ci1EbG6x3HC/YgOlAgFo2il5lPPVPCsVyq7VXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezaCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimGV34mVJIiV2y+KEwlwZhMXyd9oTlDObaEMi3srYQNqaYMbUBFG4K3+PIyaZ5XPbfq3V2Ua9d5HAU4hhOogAeXUINbqEMDGDzAM7zCmxM7L8678zFvXXHymSP4A+fzBwxBjsQ=</latexit><latexit sha1_base64="KeZSew8WDfugMOZPNkPZuDAAmhI=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbTbt2swm7E6WE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9ci1EbG6x3HC/YgOlAgFo2il5lPPVPCsVyq7VXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezaCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimGV34mVJIiV2y+KEwlwZhMXyd9oTlDObaEMi3srYQNqaYMbUBFG4K3+PIyaZ5XPbfq3V2Ua9d5HAU4hhOogAeXUINbqEMDGDzAM7zCmxM7L8678zFvXXHymSP4A+fzBwxBjsQ=</latexit><latexit sha1_base64="KeZSew8WDfugMOZPNkPZuDAAmhI=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbTbt2swm7E6WE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9ci1EbG6x3HC/YgOlAgFo2il5lPPVPCsVyq7VXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezaCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimGV34mVJIiV2y+KEwlwZhMXyd9oTlDObaEMi3srYQNqaYMbUBFG4K3+PIyaZ5XPbfq3V2Ua9d5HAU4hhOogAeXUINbqEMDGDzAM7zCmxM7L8678zFvXXHymSP4A+fzBwxBjsQ=</latexit><latexit sha1_base64="KeZSew8WDfugMOZPNkPZuDAAmhI=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbTbt2swm7E6WE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9ci1EbG6x3HC/YgOlAgFo2il5lPPVPCsVyq7VXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezaCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimGV34mVJIiV2y+KEwlwZhMXyd9oTlDObaEMi3srYQNqaYMbUBFG4K3+PIyaZ5XPbfq3V2Ua9d5HAU4hhOogAeXUINbqEMDGDzAM7zCmxM7L8678zFvXXHymSP4A+fzBwxBjsQ=</latexit>

w(t)
<latexit sha1_base64="UhCf0WHoEKUN5S9pXu2hVBrUWcA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnSil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOAQo3e</latexit><latexit sha1_base64="UhCf0WHoEKUN5S9pXu2hVBrUWcA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnSil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOAQo3e</latexit><latexit sha1_base64="UhCf0WHoEKUN5S9pXu2hVBrUWcA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnSil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOAQo3e</latexit><latexit sha1_base64="UhCf0WHoEKUN5S9pXu2hVBrUWcA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnSil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOAQo3e</latexit>
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     ,             (3) 

where  denotes the deconvolution operator that is composed of the 
squeezed wavelet. The squeezed version of the original source wavelet. 
The squeezing process acts as the simplest form of the wavelet shaping 
step. 
 
 In reality, there is much random noise in the seismic data. Although, 
taking random noise into account, all eqs. (1), (2), and (3) will be 
modified, we can generally modify eq. (3) to summarize all the changes 
 
     ,             (4) 

where n denotes the random noise vector, which is unknown. Eq. (4) can 
be formulated into a classic form of inverse problem: 
 
     ,              (5) 

where   denotes the forward operator, m = dS denotes the 
model, and d denotes the observed data. We now turn to solving inverse 
problem (5). 
 
 
Inversion by shaping regularization 
 
 The shaping regularization Fomel (2007) can offer us much 
freedom in solving the inverse problem (5). The unknown m in eq. (5) 
can be recovered iteratively using the nonlinear shaping regularization: 
 
    ,          (6) 

where operator S shapes the estimated model into the space of more 
admissible models at each iteration Fomel (2007) and B is the backward 
operator that provides an inverse mapping from data space to model space. 
Daubechies et al. (2004) proved that, if S is a sparse domain nonlinear 
thresholding operator, , where FT is the adjoint operator of F, 
iteration (6) converges to the solution of eq. (7) with a L1 regularization 
term: 

      ,               (7) 

d = WW�1
s ds

<latexit sha1_base64="r+A17lJRLUeNGaclN/Nw0zwzhaw=">AAACHnicbVDLSsNAFJ3UV42vqEs3g0VwY0lE0Y1QdOOygn1AG8NkOmmHTiZhZiKUkC9x46+4caGI4Er/xkkbqbYeGDhzzr3ce48fMyqVbX8ZpYXFpeWV8qq5tr6xuWVt7zRllAhMGjhikWj7SBJGOWkoqhhpx4Kg0Gek5Q+vcr91T4SkEb9Vo5i4IepzGlCMlJY867QbIjXwg7SXwQvz59PKpsyTd+mRk8FpoSc9q2JX7THgPHEKUgEF6p710e1FOAkJV5ghKTuOHSs3RUJRzEhmdhNJYoSHqE86mnIUEumm4/MyeKCVHgwioR9XcKz+7khRKOUo9HVlvqOc9XLxP6+TqODcTSmPE0U4ngwKEgZVBPOsYI8KghUbaYKwoHpXiAdIIKx0oqYOwZk9eZ40j6uOXXVuTiq1yyKOMtgD++AQOOAM1MA1qIMGwOABPIEX8Go8Gs/Gm/E+KS0ZRc8u+APj8xs5jKMq</latexit><latexit sha1_base64="r+A17lJRLUeNGaclN/Nw0zwzhaw=">AAACHnicbVDLSsNAFJ3UV42vqEs3g0VwY0lE0Y1QdOOygn1AG8NkOmmHTiZhZiKUkC9x46+4caGI4Er/xkkbqbYeGDhzzr3ce48fMyqVbX8ZpYXFpeWV8qq5tr6xuWVt7zRllAhMGjhikWj7SBJGOWkoqhhpx4Kg0Gek5Q+vcr91T4SkEb9Vo5i4IepzGlCMlJY867QbIjXwg7SXwQvz59PKpsyTd+mRk8FpoSc9q2JX7THgPHEKUgEF6p710e1FOAkJV5ghKTuOHSs3RUJRzEhmdhNJYoSHqE86mnIUEumm4/MyeKCVHgwioR9XcKz+7khRKOUo9HVlvqOc9XLxP6+TqODcTSmPE0U4ngwKEgZVBPOsYI8KghUbaYKwoHpXiAdIIKx0oqYOwZk9eZ40j6uOXXVuTiq1yyKOMtgD++AQOOAM1MA1qIMGwOABPIEX8Go8Gs/Gm/E+KS0ZRc8u+APj8xs5jKMq</latexit><latexit sha1_base64="r+A17lJRLUeNGaclN/Nw0zwzhaw=">AAACHnicbVDLSsNAFJ3UV42vqEs3g0VwY0lE0Y1QdOOygn1AG8NkOmmHTiZhZiKUkC9x46+4caGI4Er/xkkbqbYeGDhzzr3ce48fMyqVbX8ZpYXFpeWV8qq5tr6xuWVt7zRllAhMGjhikWj7SBJGOWkoqhhpx4Kg0Gek5Q+vcr91T4SkEb9Vo5i4IepzGlCMlJY867QbIjXwg7SXwQvz59PKpsyTd+mRk8FpoSc9q2JX7THgPHEKUgEF6p710e1FOAkJV5ghKTuOHSs3RUJRzEhmdhNJYoSHqE86mnIUEumm4/MyeKCVHgwioR9XcKz+7khRKOUo9HVlvqOc9XLxP6+TqODcTSmPE0U4ngwKEgZVBPOsYI8KghUbaYKwoHpXiAdIIKx0oqYOwZk9eZ40j6uOXXVuTiq1yyKOMtgD++AQOOAM1MA1qIMGwOABPIEX8Go8Gs/Gm/E+KS0ZRc8u+APj8xs5jKMq</latexit><latexit sha1_base64="r+A17lJRLUeNGaclN/Nw0zwzhaw=">AAACHnicbVDLSsNAFJ3UV42vqEs3g0VwY0lE0Y1QdOOygn1AG8NkOmmHTiZhZiKUkC9x46+4caGI4Er/xkkbqbYeGDhzzr3ce48fMyqVbX8ZpYXFpeWV8qq5tr6xuWVt7zRllAhMGjhikWj7SBJGOWkoqhhpx4Kg0Gek5Q+vcr91T4SkEb9Vo5i4IepzGlCMlJY867QbIjXwg7SXwQvz59PKpsyTd+mRk8FpoSc9q2JX7THgPHEKUgEF6p710e1FOAkJV5ghKTuOHSs3RUJRzEhmdhNJYoSHqE86mnIUEumm4/MyeKCVHgwioR9XcKz+7khRKOUo9HVlvqOc9XLxP6+TqODcTSmPE0U4ngwKEgZVBPOsYI8KghUbaYKwoHpXiAdIIKx0oqYOwZk9eZ40j6uOXXVuTiq1yyKOMtgD++AQOOAM1MA1qIMGwOABPIEX8Go8Gs/Gm/E+KS0ZRc8u+APj8xs5jKMq</latexit>

W�1
s

<latexit sha1_base64="mrlJEMOCMaiJElutXV1f7Pkc3jc=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBjSURQZdFNy4r2Ae0sUymk3boZBJmJkqJ+RQ3LhRx65e482+ctFlo64GBwzn3cs8cP+ZMacf5tkorq2vrG+XNytb2zu6eXd1vqyiRhLZIxCPZ9bGinAna0kxz2o0lxaHPacefXOd+54FKxSJxp6cx9UI8EixgBGsjDexqP8R67AdpJxuo+/TUzQZ2zak7M6Bl4hakBgWaA/urP4xIElKhCcdK9Vwn1l6KpWaE06zSTxSNMZngEe0ZKnBIlZfOomfo2ChDFETSPKHRTP29keJQqWnom8k8qFr0cvE/r5fo4NJLmYgTTQWZHwoSjnSE8h7QkElKNJ8agolkJisiYywx0aatiinBXfzyMmmf1V2n7t6e1xpXRR1lOIQjOAEXLqABN9CEFhB4hGd4hTfryXqx3q2P+WjJKnYO4A+szx8+FZP4</latexit><latexit sha1_base64="mrlJEMOCMaiJElutXV1f7Pkc3jc=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBjSURQZdFNy4r2Ae0sUymk3boZBJmJkqJ+RQ3LhRx65e482+ctFlo64GBwzn3cs8cP+ZMacf5tkorq2vrG+XNytb2zu6eXd1vqyiRhLZIxCPZ9bGinAna0kxz2o0lxaHPacefXOd+54FKxSJxp6cx9UI8EixgBGsjDexqP8R67AdpJxuo+/TUzQZ2zak7M6Bl4hakBgWaA/urP4xIElKhCcdK9Vwn1l6KpWaE06zSTxSNMZngEe0ZKnBIlZfOomfo2ChDFETSPKHRTP29keJQqWnom8k8qFr0cvE/r5fo4NJLmYgTTQWZHwoSjnSE8h7QkElKNJ8agolkJisiYywx0aatiinBXfzyMmmf1V2n7t6e1xpXRR1lOIQjOAEXLqABN9CEFhB4hGd4hTfryXqx3q2P+WjJKnYO4A+szx8+FZP4</latexit><latexit sha1_base64="mrlJEMOCMaiJElutXV1f7Pkc3jc=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBjSURQZdFNy4r2Ae0sUymk3boZBJmJkqJ+RQ3LhRx65e482+ctFlo64GBwzn3cs8cP+ZMacf5tkorq2vrG+XNytb2zu6eXd1vqyiRhLZIxCPZ9bGinAna0kxz2o0lxaHPacefXOd+54FKxSJxp6cx9UI8EixgBGsjDexqP8R67AdpJxuo+/TUzQZ2zak7M6Bl4hakBgWaA/urP4xIElKhCcdK9Vwn1l6KpWaE06zSTxSNMZngEe0ZKnBIlZfOomfo2ChDFETSPKHRTP29keJQqWnom8k8qFr0cvE/r5fo4NJLmYgTTQWZHwoSjnSE8h7QkElKNJ8agolkJisiYywx0aatiinBXfzyMmmf1V2n7t6e1xpXRR1lOIQjOAEXLqABN9CEFhB4hGd4hTfryXqx3q2P+WjJKnYO4A+szx8+FZP4</latexit><latexit sha1_base64="mrlJEMOCMaiJElutXV1f7Pkc3jc=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBjSURQZdFNy4r2Ae0sUymk3boZBJmJkqJ+RQ3LhRx65e482+ctFlo64GBwzn3cs8cP+ZMacf5tkorq2vrG+XNytb2zu6eXd1vqyiRhLZIxCPZ9bGinAna0kxz2o0lxaHPacefXOd+54FKxSJxp6cx9UI8EixgBGsjDexqP8R67AdpJxuo+/TUzQZ2zak7M6Bl4hakBgWaA/urP4xIElKhCcdK9Vwn1l6KpWaE06zSTxSNMZngEe0ZKnBIlZfOomfo2ChDFETSPKHRTP29keJQqWnom8k8qFr0cvE/r5fo4NJLmYgTTQWZHwoSjnSE8h7QkElKNJ8agolkJisiYywx0aatiinBXfzyMmmf1V2n7t6e1xpXRR1lOIQjOAEXLqABN9CEFhB4hGd4hTfryXqx3q2P+WjJKnYO4A+szx8+FZP4</latexit>

d = WW�1
s ds + n

<latexit sha1_base64="xZCuIiNPRkhNet//PXR/VFxYWCk=">AAACK3icbVDLSsNAFJ3UV42vqEs3g0UQxJKIoBuh1I3LCvYBbQ2T6aQdOpmEmYlQQv7Hjb/iQhc+cOt/OGmj1dYDA+eecy9z7/EiRqWy7TejsLC4tLxSXDXX1jc2t6ztnYYMY4FJHYcsFC0PScIoJ3VFFSOtSBAUeIw0veFl5jfviJA05DdqFJFugPqc+hQjpSXXqnYCpAaen/RSeGF+F810ylx5mxw7KZw2uhIe/ZQ8da2SXbbHgPPEyUkJ5Ki51lOnF+I4IFxhhqRsO3akugkSimJGUrMTSxIhPER90taUo4DIbjK+NYUHWulBPxT6cQXH6u+JBAVSjgJPd2YbylkvE//z2rHyz7sJ5VGsCMeTj/yYQRXCLDjYo4JgxUaaICyo3hXiARIIKx2vqUNwZk+eJ42TsmOXnevTUqWax1EEe2AfHAIHnIEKuAI1UAcY3INH8AJejQfj2Xg3PiatBSOf2QV/YHx+AUJ0qEs=</latexit><latexit sha1_base64="xZCuIiNPRkhNet//PXR/VFxYWCk=">AAACK3icbVDLSsNAFJ3UV42vqEs3g0UQxJKIoBuh1I3LCvYBbQ2T6aQdOpmEmYlQQv7Hjb/iQhc+cOt/OGmj1dYDA+eecy9z7/EiRqWy7TejsLC4tLxSXDXX1jc2t6ztnYYMY4FJHYcsFC0PScIoJ3VFFSOtSBAUeIw0veFl5jfviJA05DdqFJFugPqc+hQjpSXXqnYCpAaen/RSeGF+F810ylx5mxw7KZw2uhIe/ZQ8da2SXbbHgPPEyUkJ5Ki51lOnF+I4IFxhhqRsO3akugkSimJGUrMTSxIhPER90taUo4DIbjK+NYUHWulBPxT6cQXH6u+JBAVSjgJPd2YbylkvE//z2rHyz7sJ5VGsCMeTj/yYQRXCLDjYo4JgxUaaICyo3hXiARIIKx2vqUNwZk+eJ42TsmOXnevTUqWax1EEe2AfHAIHnIEKuAI1UAcY3INH8AJejQfj2Xg3PiatBSOf2QV/YHx+AUJ0qEs=</latexit><latexit sha1_base64="xZCuIiNPRkhNet//PXR/VFxYWCk=">AAACK3icbVDLSsNAFJ3UV42vqEs3g0UQxJKIoBuh1I3LCvYBbQ2T6aQdOpmEmYlQQv7Hjb/iQhc+cOt/OGmj1dYDA+eecy9z7/EiRqWy7TejsLC4tLxSXDXX1jc2t6ztnYYMY4FJHYcsFC0PScIoJ3VFFSOtSBAUeIw0veFl5jfviJA05DdqFJFugPqc+hQjpSXXqnYCpAaen/RSeGF+F810ylx5mxw7KZw2uhIe/ZQ8da2SXbbHgPPEyUkJ5Ki51lOnF+I4IFxhhqRsO3akugkSimJGUrMTSxIhPER90taUo4DIbjK+NYUHWulBPxT6cQXH6u+JBAVSjgJPd2YbylkvE//z2rHyz7sJ5VGsCMeTj/yYQRXCLDjYo4JgxUaaICyo3hXiARIIKx2vqUNwZk+eJ42TsmOXnevTUqWax1EEe2AfHAIHnIEKuAI1UAcY3INH8AJejQfj2Xg3PiatBSOf2QV/YHx+AUJ0qEs=</latexit><latexit sha1_base64="xZCuIiNPRkhNet//PXR/VFxYWCk=">AAACK3icbVDLSsNAFJ3UV42vqEs3g0UQxJKIoBuh1I3LCvYBbQ2T6aQdOpmEmYlQQv7Hjb/iQhc+cOt/OGmj1dYDA+eecy9z7/EiRqWy7TejsLC4tLxSXDXX1jc2t6ztnYYMY4FJHYcsFC0PScIoJ3VFFSOtSBAUeIw0veFl5jfviJA05DdqFJFugPqc+hQjpSXXqnYCpAaen/RSeGF+F810ylx5mxw7KZw2uhIe/ZQ8da2SXbbHgPPEyUkJ5Ki51lOnF+I4IFxhhqRsO3akugkSimJGUrMTSxIhPER90taUo4DIbjK+NYUHWulBPxT6cQXH6u+JBAVSjgJPd2YbylkvE//z2rHyz7sJ5VGsCMeTj/yYQRXCLDjYo4JgxUaaICyo3hXiARIIKx2vqUNwZk+eJ42TsmOXnevTUqWax1EEe2AfHAIHnIEKuAI1UAcY3INH8AJejQfj2Xg3PiatBSOf2QV/YHx+AUJ0qEs=</latexit>

Fm+ n = d
<latexit sha1_base64="Ap2hwe0PEVfaNhLE39daxmrikA4=">AAACDXicbVDLSgMxFM34rONr1KWbYBUEocyIoBuhKIjLCvYB7VAyaaYNTTJDkhHKMD/gxl9x40IRt+7d+Tdm2ilo64HAyTn3cu89Qcyo0q77bS0sLi2vrJbW7PWNza1tZ2e3oaJEYlLHEYtkK0CKMCpIXVPNSCuWBPGAkWYwvM795gORikbiXo9i4nPUFzSkGGkjdZ3DDkd6EITpDc/giT39iewSTnkv6zplt+KOAeeJV5AyKFDrOl+dXoQTToTGDCnV9txY+ymSmmJGMruTKBIjPER90jZUIE6Un46vyeCRUXowjKR5QsOx+rsjRVypEQ9MZb6hmvVy8T+vnejwwk+piBNNBJ4MChMGdQTzaGCPSoI1GxmCsKRmV4gHSCKsTYC2CcGbPXmeNE4rnlvx7s7K1asijhLYBwfgGHjgHFTBLaiBOsDgETyDV/BmPVkv1rv1MSldsIqePfAH1ucPJ8KbnA==</latexit><latexit sha1_base64="Ap2hwe0PEVfaNhLE39daxmrikA4=">AAACDXicbVDLSgMxFM34rONr1KWbYBUEocyIoBuhKIjLCvYB7VAyaaYNTTJDkhHKMD/gxl9x40IRt+7d+Tdm2ilo64HAyTn3cu89Qcyo0q77bS0sLi2vrJbW7PWNza1tZ2e3oaJEYlLHEYtkK0CKMCpIXVPNSCuWBPGAkWYwvM795gORikbiXo9i4nPUFzSkGGkjdZ3DDkd6EITpDc/giT39iewSTnkv6zplt+KOAeeJV5AyKFDrOl+dXoQTToTGDCnV9txY+ymSmmJGMruTKBIjPER90jZUIE6Un46vyeCRUXowjKR5QsOx+rsjRVypEQ9MZb6hmvVy8T+vnejwwk+piBNNBJ4MChMGdQTzaGCPSoI1GxmCsKRmV4gHSCKsTYC2CcGbPXmeNE4rnlvx7s7K1asijhLYBwfgGHjgHFTBLaiBOsDgETyDV/BmPVkv1rv1MSldsIqePfAH1ucPJ8KbnA==</latexit><latexit sha1_base64="Ap2hwe0PEVfaNhLE39daxmrikA4=">AAACDXicbVDLSgMxFM34rONr1KWbYBUEocyIoBuhKIjLCvYB7VAyaaYNTTJDkhHKMD/gxl9x40IRt+7d+Tdm2ilo64HAyTn3cu89Qcyo0q77bS0sLi2vrJbW7PWNza1tZ2e3oaJEYlLHEYtkK0CKMCpIXVPNSCuWBPGAkWYwvM795gORikbiXo9i4nPUFzSkGGkjdZ3DDkd6EITpDc/giT39iewSTnkv6zplt+KOAeeJV5AyKFDrOl+dXoQTToTGDCnV9txY+ymSmmJGMruTKBIjPER90jZUIE6Un46vyeCRUXowjKR5QsOx+rsjRVypEQ9MZb6hmvVy8T+vnejwwk+piBNNBJ4MChMGdQTzaGCPSoI1GxmCsKRmV4gHSCKsTYC2CcGbPXmeNE4rnlvx7s7K1asijhLYBwfgGHjgHFTBLaiBOsDgETyDV/BmPVkv1rv1MSldsIqePfAH1ucPJ8KbnA==</latexit><latexit sha1_base64="Ap2hwe0PEVfaNhLE39daxmrikA4=">AAACDXicbVDLSgMxFM34rONr1KWbYBUEocyIoBuhKIjLCvYB7VAyaaYNTTJDkhHKMD/gxl9x40IRt+7d+Tdm2ilo64HAyTn3cu89Qcyo0q77bS0sLi2vrJbW7PWNza1tZ2e3oaJEYlLHEYtkK0CKMCpIXVPNSCuWBPGAkWYwvM795gORikbiXo9i4nPUFzSkGGkjdZ3DDkd6EITpDc/giT39iewSTnkv6zplt+KOAeeJV5AyKFDrOl+dXoQTToTGDCnV9txY+ymSmmJGMruTKBIjPER90jZUIE6Un46vyeCRUXowjKR5QsOx+rsjRVypEQ9MZb6hmvVy8T+vnejwwk+piBNNBJ4MChMGdQTzaGCPSoI1GxmCsKRmV4gHSCKsTYC2CcGbPXmeNE4rnlvx7s7K1asijhLYBwfgGHjgHFTBLaiBOsDgETyDV/BmPVkv1rv1MSldsIqePfAH1ucPJ8KbnA==</latexit>

F = WW�1
s

<latexit sha1_base64="B6HXDkYuIteUQGvGj0WyoqVlPHQ=">AAACD3icbZDLSsNAFIZP6q3WW9Slm2BR3FgSEXQjFAVxWcFeoI1lMp20QyeTMDMRSsgbuPFV3LhQxK1bd76Nkzaitv4w8PGfc5hzfi9iVCrb/jQKc/MLi0vF5dLK6tr6hrm51ZBhLDCp45CFouUhSRjlpK6oYqQVCYICj5GmN7zI6s07IiQN+Y0aRcQNUJ9Tn2KktNU19zsBUgPPTy7Ts29spj/UlbfJoZN2zbJdsceyZsHJoQy5al3zo9MLcRwQrjBDUrYdO1JugoSimJG01IkliRAeoj5pa+QoINJNxvek1p52epYfCv24ssbu74kEBVKOAk93ZovK6Vpm/ldrx8o/dRPKo1gRjicf+TGzVGhl4Vg9KghWbKQBYUH1rhYeIIGw0hGWdAjO9Mmz0DiqOHbFuT4uV8/zOIqwA7twAA6cQBWuoAZ1wHAPj/AML8aD8WS8Gm+T1oKRz2zDHxnvX+jfnTA=</latexit><latexit sha1_base64="B6HXDkYuIteUQGvGj0WyoqVlPHQ=">AAACD3icbZDLSsNAFIZP6q3WW9Slm2BR3FgSEXQjFAVxWcFeoI1lMp20QyeTMDMRSsgbuPFV3LhQxK1bd76Nkzaitv4w8PGfc5hzfi9iVCrb/jQKc/MLi0vF5dLK6tr6hrm51ZBhLDCp45CFouUhSRjlpK6oYqQVCYICj5GmN7zI6s07IiQN+Y0aRcQNUJ9Tn2KktNU19zsBUgPPTy7Ts29spj/UlbfJoZN2zbJdsceyZsHJoQy5al3zo9MLcRwQrjBDUrYdO1JugoSimJG01IkliRAeoj5pa+QoINJNxvek1p52epYfCv24ssbu74kEBVKOAk93ZovK6Vpm/ldrx8o/dRPKo1gRjicf+TGzVGhl4Vg9KghWbKQBYUH1rhYeIIGw0hGWdAjO9Mmz0DiqOHbFuT4uV8/zOIqwA7twAA6cQBWuoAZ1wHAPj/AML8aD8WS8Gm+T1oKRz2zDHxnvX+jfnTA=</latexit><latexit sha1_base64="B6HXDkYuIteUQGvGj0WyoqVlPHQ=">AAACD3icbZDLSsNAFIZP6q3WW9Slm2BR3FgSEXQjFAVxWcFeoI1lMp20QyeTMDMRSsgbuPFV3LhQxK1bd76Nkzaitv4w8PGfc5hzfi9iVCrb/jQKc/MLi0vF5dLK6tr6hrm51ZBhLDCp45CFouUhSRjlpK6oYqQVCYICj5GmN7zI6s07IiQN+Y0aRcQNUJ9Tn2KktNU19zsBUgPPTy7Ts29spj/UlbfJoZN2zbJdsceyZsHJoQy5al3zo9MLcRwQrjBDUrYdO1JugoSimJG01IkliRAeoj5pa+QoINJNxvek1p52epYfCv24ssbu74kEBVKOAk93ZovK6Vpm/ldrx8o/dRPKo1gRjicf+TGzVGhl4Vg9KghWbKQBYUH1rhYeIIGw0hGWdAjO9Mmz0DiqOHbFuT4uV8/zOIqwA7twAA6cQBWuoAZ1wHAPj/AML8aD8WS8Gm+T1oKRz2zDHxnvX+jfnTA=</latexit><latexit sha1_base64="B6HXDkYuIteUQGvGj0WyoqVlPHQ=">AAACD3icbZDLSsNAFIZP6q3WW9Slm2BR3FgSEXQjFAVxWcFeoI1lMp20QyeTMDMRSsgbuPFV3LhQxK1bd76Nkzaitv4w8PGfc5hzfi9iVCrb/jQKc/MLi0vF5dLK6tr6hrm51ZBhLDCp45CFouUhSRjlpK6oYqQVCYICj5GmN7zI6s07IiQN+Y0aRcQNUJ9Tn2KktNU19zsBUgPPTy7Ts29spj/UlbfJoZN2zbJdsceyZsHJoQy5al3zo9MLcRwQrjBDUrYdO1JugoSimJG01IkliRAeoj5pa+QoINJNxvek1p52epYfCv24ssbu74kEBVKOAk93ZovK6Vpm/ldrx8o/dRPKo1gRjicf+TGzVGhl4Vg9KghWbKQBYUH1rhYeIIGw0hGWdAjO9Mmz0DiqOHbFuT4uV8/zOIqwA7twAA6cQBWuoAZ1wHAPj/AML8aD8WS8Gm+T1oKRz2zDHxnvX+jfnTA=</latexit>

mn+1 = S[mn +B(d� Fmn)]
<latexit sha1_base64="S4El1PSTupx4TZFlZusWjKhNIUA="></latexit><latexit sha1_base64="S4El1PSTupx4TZFlZusWjKhNIUA="></latexit><latexit sha1_base64="S4El1PSTupx4TZFlZusWjKhNIUA="></latexit><latexit sha1_base64="S4El1PSTupx4TZFlZusWjKhNIUA="></latexit>

B = FT
<latexit sha1_base64="/7DUbBzl6xPpkuZwG6cMRVjJtPo=">AAACAHicbZDLSsNAFIZPvNZ6i7pw4WawCK5KIoJuhFJBXFboDdpaJtNJO3QyCTMToYRsfBU3LhRx62O4822ctBG09YeBj/+cw5zzexFnSjvOl7W0vLK6tl7YKG5ube/s2nv7TRXGktAGCXko2x5WlDNBG5ppTtuRpDjwOG154+us3nqgUrFQ1PUkor0ADwXzGcHaWH37sBtgPfL8pJpe/eBNel/v2yWn7EyFFsHNoQS5an37szsISRxQoQnHSnVcJ9K9BEvNCKdpsRsrGmEyxkPaMShwQFUvmR6QohPjDJAfSvOERlP390SCA6UmgWc6sx3VfC0z/6t1Yu1f9hImolhTQWYf+TFHOkRZGmjAJCWaTwxgIpnZFZERlphok1nRhODOn7wIzbOy65Tdu/NSpZrHUYAjOIZTcOECKnALNWgAgRSe4AVerUfr2Xqz3metS1Y+cwB/ZH18A+OvlpQ=</latexit><latexit sha1_base64="/7DUbBzl6xPpkuZwG6cMRVjJtPo=">AAACAHicbZDLSsNAFIZPvNZ6i7pw4WawCK5KIoJuhFJBXFboDdpaJtNJO3QyCTMToYRsfBU3LhRx62O4822ctBG09YeBj/+cw5zzexFnSjvOl7W0vLK6tl7YKG5ube/s2nv7TRXGktAGCXko2x5WlDNBG5ppTtuRpDjwOG154+us3nqgUrFQ1PUkor0ADwXzGcHaWH37sBtgPfL8pJpe/eBNel/v2yWn7EyFFsHNoQS5an37szsISRxQoQnHSnVcJ9K9BEvNCKdpsRsrGmEyxkPaMShwQFUvmR6QohPjDJAfSvOERlP390SCA6UmgWc6sx3VfC0z/6t1Yu1f9hImolhTQWYf+TFHOkRZGmjAJCWaTwxgIpnZFZERlphok1nRhODOn7wIzbOy65Tdu/NSpZrHUYAjOIZTcOECKnALNWgAgRSe4AVerUfr2Xqz3metS1Y+cwB/ZH18A+OvlpQ=</latexit><latexit sha1_base64="/7DUbBzl6xPpkuZwG6cMRVjJtPo=">AAACAHicbZDLSsNAFIZPvNZ6i7pw4WawCK5KIoJuhFJBXFboDdpaJtNJO3QyCTMToYRsfBU3LhRx62O4822ctBG09YeBj/+cw5zzexFnSjvOl7W0vLK6tl7YKG5ube/s2nv7TRXGktAGCXko2x5WlDNBG5ppTtuRpDjwOG154+us3nqgUrFQ1PUkor0ADwXzGcHaWH37sBtgPfL8pJpe/eBNel/v2yWn7EyFFsHNoQS5an37szsISRxQoQnHSnVcJ9K9BEvNCKdpsRsrGmEyxkPaMShwQFUvmR6QohPjDJAfSvOERlP390SCA6UmgWc6sx3VfC0z/6t1Yu1f9hImolhTQWYf+TFHOkRZGmjAJCWaTwxgIpnZFZERlphok1nRhODOn7wIzbOy65Tdu/NSpZrHUYAjOIZTcOECKnALNWgAgRSe4AVerUfr2Xqz3metS1Y+cwB/ZH18A+OvlpQ=</latexit><latexit sha1_base64="/7DUbBzl6xPpkuZwG6cMRVjJtPo=">AAACAHicbZDLSsNAFIZPvNZ6i7pw4WawCK5KIoJuhFJBXFboDdpaJtNJO3QyCTMToYRsfBU3LhRx62O4822ctBG09YeBj/+cw5zzexFnSjvOl7W0vLK6tl7YKG5ube/s2nv7TRXGktAGCXko2x5WlDNBG5ppTtuRpDjwOG154+us3nqgUrFQ1PUkor0ADwXzGcHaWH37sBtgPfL8pJpe/eBNel/v2yWn7EyFFsHNoQS5an37szsISRxQoQnHSnVcJ9K9BEvNCKdpsRsrGmEyxkPaMShwQFUvmR6QohPjDJAfSvOERlP390SCA6UmgWc6sx3VfC0z/6t1Yu1f9hImolhTQWYf+TFHOkRZGmjAJCWaTwxgIpnZFZERlphok1nRhODOn7wIzbOy65Tdu/NSpZrHUYAjOIZTcOECKnALNWgAgRSe4AVerUfr2Xqz3metS1Y+cwB/ZH18A+OvlpQ=</latexit>

min
m

k Fm� d k22 +µ k A�1m k1
<latexit sha1_base64="eYcijpRLzd23Fa0e4y1rl9kZiIM="></latexit><latexit sha1_base64="eYcijpRLzd23Fa0e4y1rl9kZiIM="></latexit><latexit sha1_base64="eYcijpRLzd23Fa0e4y1rl9kZiIM="></latexit><latexit sha1_base64="eYcijpRLzd23Fa0e4y1rl9kZiIM="></latexit>



	77	

where µ is a controlling factor and  denotes a sparsity-promoting 
transform. 

 The nonlinear operators S and B can be chosen as any combination 
of operators that can make the iteration converge. For example, S can be a 
coherency-promoting operator (Chen et al., 2014), or piecewise-constant 
layering constraint operator (Fomel, 2008). Thus, the shaping 
regularization framework is very flexible in solving inverse problem (5). 
The connections between linear shaping regularization (when S and B are 
both linear operators) and the Tikhonov regularization can be found in 
detail in Fomel (2007). More details about the nonlinear shaping 
regularization can be found in Fomel (2008).  
 
 In this paper, we adopt the shaping regularization framework 6 to 
solve the inverse problem. The shaping operator S is chosen as a 
transform domain thresholding operator. In order to set the optimal 
threshold, during each iteration, we set the threshold as the minimum of 
the p% largest coefficients. be introduced in detail in the next section. The 
backward operator B is chosen as the pseudo-inverse of F, as suggested in 
Daubechies et al. (2008). However, the sparsity in the transform domain 
plays an important role in the final result. The Fourier-domain sparsity 
constraint is usually used for sparsity constraint, e.g., in (Abma and Kabir, 
2006). However, we propose to use the seislet-domain sparsity constraint 
to regularize the inverse problem. In the next section, we will briefly 
introduce the seislet transform. 
 
 
Brief review of the seislet transform 
 
 The seislet transform is based on the second-generate wavelet 
transform, which is defined with the help of the wavelet-lifting scheme 
(Sweldens, 1995) combined with local plane-wave destruction. The 
wavelet-lifting utilizes predictability of even traces from odd traces of 2D 
seismic data and finds a difference r between them, which can be 
expressed as: 
 
      ,              (8) 

where P is the prediction operator. A coarse approximation c of the data 
can be achieved by updating the even component: 

      ,                  (9) 

where U is the updating operator. 

A�1
<latexit sha1_base64="Rh56dEqv5xlJjB2RyrxuA4ckMGU=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEN5ZEBF1W3bisYB/QxjKZTtqhk0mYmQg15EvcuFDErZ/izr9x0mahrQcGDufcyz1z/JgzpR3n2yqtrK6tb5Q3K1vbO7tVe2+/raJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cpP7nUcqFYvEvZ7G1AvxSLCAEayNNLCr/RDrsR+kV9lDeupmA7vm1J0Z0DJxC1KDAs2B/dUfRiQJqdCEY6V6rhNrL8VSM8JpVuknisaYTPCI9gwVOKTKS2fBM3RslCEKImme0Gim/t5IcajUNPTNZB5TLXq5+J/XS3Rw6aVMxImmgswPBQlHOkJ5C2jIJCWaTw3BRDKTFZExlpho01XFlOAufnmZtM/qrlN3785rjeuijjIcwhGcgAsX0IBbaEILCCTwDK/wZj1ZL9a79TEfLVnFzgH8gfX5A4bgkvw=</latexit><latexit sha1_base64="Rh56dEqv5xlJjB2RyrxuA4ckMGU=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEN5ZEBF1W3bisYB/QxjKZTtqhk0mYmQg15EvcuFDErZ/izr9x0mahrQcGDufcyz1z/JgzpR3n2yqtrK6tb5Q3K1vbO7tVe2+/raJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cpP7nUcqFYvEvZ7G1AvxSLCAEayNNLCr/RDrsR+kV9lDeupmA7vm1J0Z0DJxC1KDAs2B/dUfRiQJqdCEY6V6rhNrL8VSM8JpVuknisaYTPCI9gwVOKTKS2fBM3RslCEKImme0Gim/t5IcajUNPTNZB5TLXq5+J/XS3Rw6aVMxImmgswPBQlHOkJ5C2jIJCWaTw3BRDKTFZExlpho01XFlOAufnmZtM/qrlN3785rjeuijjIcwhGcgAsX0IBbaEILCCTwDK/wZj1ZL9a79TEfLVnFzgH8gfX5A4bgkvw=</latexit><latexit sha1_base64="Rh56dEqv5xlJjB2RyrxuA4ckMGU=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEN5ZEBF1W3bisYB/QxjKZTtqhk0mYmQg15EvcuFDErZ/izr9x0mahrQcGDufcyz1z/JgzpR3n2yqtrK6tb5Q3K1vbO7tVe2+/raJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cpP7nUcqFYvEvZ7G1AvxSLCAEayNNLCr/RDrsR+kV9lDeupmA7vm1J0Z0DJxC1KDAs2B/dUfRiQJqdCEY6V6rhNrL8VSM8JpVuknisaYTPCI9gwVOKTKS2fBM3RslCEKImme0Gim/t5IcajUNPTNZB5TLXq5+J/XS3Rw6aVMxImmgswPBQlHOkJ5C2jIJCWaTw3BRDKTFZExlpho01XFlOAufnmZtM/qrlN3785rjeuijjIcwhGcgAsX0IBbaEILCCTwDK/wZj1ZL9a79TEfLVnFzgH8gfX5A4bgkvw=</latexit><latexit sha1_base64="Rh56dEqv5xlJjB2RyrxuA4ckMGU=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEN5ZEBF1W3bisYB/QxjKZTtqhk0mYmQg15EvcuFDErZ/izr9x0mahrQcGDufcyz1z/JgzpR3n2yqtrK6tb5Q3K1vbO7tVe2+/raJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cpP7nUcqFYvEvZ7G1AvxSLCAEayNNLCr/RDrsR+kV9lDeupmA7vm1J0Z0DJxC1KDAs2B/dUfRiQJqdCEY6V6rhNrL8VSM8JpVuknisaYTPCI9gwVOKTKS2fBM3RslCEKImme0Gim/t5IcajUNPTNZB5TLXq5+J/XS3Rw6aVMxImmgswPBQlHOkJ5C2jIJCWaTw3BRDKTFZExlpho01XFlOAufnmZtM/qrlN3785rjeuijjIcwhGcgAsX0IBbaEILCCTwDK/wZj1ZL9a79TEfLVnFzgH8gfX5A4bgkvw=</latexit>

r = o�P [e]
<latexit sha1_base64="93ObVMkwTa9OEvXbAXuOEkP+VEU=">AAACF3icbZDLSsNAFIYnXmu9RV26CRbBjSURQTdC0Y3LCvYCSSiT6Uk7dHJh5kQoIW/hxldx40IRt7rzbZzeQFt/GPj4zznMOX+QCq7Qtr+NpeWV1bX10kZ5c2t7Z9fc22+qJJMMGiwRiWwHVIHgMTSQo4B2KoFGgYBWMLgZ1VsPIBVP4nscpuBHtBfzkDOK2uqYVS+i2A/CXBZXM0yK0xnWPQEhuuBJ3uujX3TMil21x7IWwZlChUxV75hfXjdhWQQxMkGVch07RT+nEjkTUJS9TEFK2YD2wNUY0wiUn4/vKqxj7XStMJH6xWiN3d8TOY2UGkaB7hztq+ZrI/O/mptheOnnPE4zhJhNPgozYWFijUKyulwCQzHUQJnkeleL9amkDHWUZR2CM3/yIjTPqo5dde7OK7XraRwlckiOyAlxyAWpkVtSJw3CyCN5Jq/kzXgyXox342PSumRMZw7IHxmfP+yeoQI=</latexit><latexit sha1_base64="93ObVMkwTa9OEvXbAXuOEkP+VEU=">AAACF3icbZDLSsNAFIYnXmu9RV26CRbBjSURQTdC0Y3LCvYCSSiT6Uk7dHJh5kQoIW/hxldx40IRt7rzbZzeQFt/GPj4zznMOX+QCq7Qtr+NpeWV1bX10kZ5c2t7Z9fc22+qJJMMGiwRiWwHVIHgMTSQo4B2KoFGgYBWMLgZ1VsPIBVP4nscpuBHtBfzkDOK2uqYVS+i2A/CXBZXM0yK0xnWPQEhuuBJ3uujX3TMil21x7IWwZlChUxV75hfXjdhWQQxMkGVch07RT+nEjkTUJS9TEFK2YD2wNUY0wiUn4/vKqxj7XStMJH6xWiN3d8TOY2UGkaB7hztq+ZrI/O/mptheOnnPE4zhJhNPgozYWFijUKyulwCQzHUQJnkeleL9amkDHWUZR2CM3/yIjTPqo5dde7OK7XraRwlckiOyAlxyAWpkVtSJw3CyCN5Jq/kzXgyXox342PSumRMZw7IHxmfP+yeoQI=</latexit><latexit sha1_base64="93ObVMkwTa9OEvXbAXuOEkP+VEU=">AAACF3icbZDLSsNAFIYnXmu9RV26CRbBjSURQTdC0Y3LCvYCSSiT6Uk7dHJh5kQoIW/hxldx40IRt7rzbZzeQFt/GPj4zznMOX+QCq7Qtr+NpeWV1bX10kZ5c2t7Z9fc22+qJJMMGiwRiWwHVIHgMTSQo4B2KoFGgYBWMLgZ1VsPIBVP4nscpuBHtBfzkDOK2uqYVS+i2A/CXBZXM0yK0xnWPQEhuuBJ3uujX3TMil21x7IWwZlChUxV75hfXjdhWQQxMkGVch07RT+nEjkTUJS9TEFK2YD2wNUY0wiUn4/vKqxj7XStMJH6xWiN3d8TOY2UGkaB7hztq+ZrI/O/mptheOnnPE4zhJhNPgozYWFijUKyulwCQzHUQJnkeleL9amkDHWUZR2CM3/yIjTPqo5dde7OK7XraRwlckiOyAlxyAWpkVtSJw3CyCN5Jq/kzXgyXox342PSumRMZw7IHxmfP+yeoQI=</latexit><latexit sha1_base64="93ObVMkwTa9OEvXbAXuOEkP+VEU=">AAACF3icbZDLSsNAFIYnXmu9RV26CRbBjSURQTdC0Y3LCvYCSSiT6Uk7dHJh5kQoIW/hxldx40IRt7rzbZzeQFt/GPj4zznMOX+QCq7Qtr+NpeWV1bX10kZ5c2t7Z9fc22+qJJMMGiwRiWwHVIHgMTSQo4B2KoFGgYBWMLgZ1VsPIBVP4nscpuBHtBfzkDOK2uqYVS+i2A/CXBZXM0yK0xnWPQEhuuBJ3uujX3TMil21x7IWwZlChUxV75hfXjdhWQQxMkGVch07RT+nEjkTUJS9TEFK2YD2wNUY0wiUn4/vKqxj7XStMJH6xWiN3d8TOY2UGkaB7hztq+ZrI/O/mptheOnnPE4zhJhNPgozYWFijUKyulwCQzHUQJnkeleL9amkDHWUZR2CM3/yIjTPqo5dde7OK7XraRwlckiOyAlxyAWpkVtSJw3CyCN5Jq/kzXgyXox342PSumRMZw7IHxmfP+yeoQI=</latexit>

c = e+U [r]
<latexit sha1_base64="B8me5TgVAov2sK0S/PZiy+L9/y0=">AAACF3icbZDLSsNAFIYnXmu9RV26CRZBEEoigm6EohuXFUxbaEKZTE/aoZMLMydCCXkLN76KGxeKuNWdb+P0Btr6w8DHf85hzvmDVHCFtv1tLC2vrK6tlzbKm1vbO7vm3n5DJZlk4LJEJLIVUAWCx+AiRwGtVAKNAgHNYHAzqjcfQCqexPc4TMGPaC/mIWcUtdUxq15EsR+EOSuuZgjF6QxdT0CIbelJ3uujX3TMil21x7IWwZlChUxV75hfXjdhWQQxMkGVajt2in5OJXImoCh7mYKUsgHtQVtjTCNQfj6+q7COtdO1wkTqF6M1dn9P5DRSahgFunO0r5qvjcz/au0Mw0s/53GaIcRs8lGYCQsTaxSS1eUSGIqhBsok17tarE8lZaijLOsQnPmTF6FxVnXsqnN3XqldT+MokUNyRE6IQy5IjdySOnEJI4/kmbySN+PJeDHejY9J65IxnTkgf2R8/gDcTqD5</latexit><latexit sha1_base64="B8me5TgVAov2sK0S/PZiy+L9/y0=">AAACF3icbZDLSsNAFIYnXmu9RV26CRZBEEoigm6EohuXFUxbaEKZTE/aoZMLMydCCXkLN76KGxeKuNWdb+P0Btr6w8DHf85hzvmDVHCFtv1tLC2vrK6tlzbKm1vbO7vm3n5DJZlk4LJEJLIVUAWCx+AiRwGtVAKNAgHNYHAzqjcfQCqexPc4TMGPaC/mIWcUtdUxq15EsR+EOSuuZgjF6QxdT0CIbelJ3uujX3TMil21x7IWwZlChUxV75hfXjdhWQQxMkGVajt2in5OJXImoCh7mYKUsgHtQVtjTCNQfj6+q7COtdO1wkTqF6M1dn9P5DRSahgFunO0r5qvjcz/au0Mw0s/53GaIcRs8lGYCQsTaxSS1eUSGIqhBsok17tarE8lZaijLOsQnPmTF6FxVnXsqnN3XqldT+MokUNyRE6IQy5IjdySOnEJI4/kmbySN+PJeDHejY9J65IxnTkgf2R8/gDcTqD5</latexit><latexit sha1_base64="B8me5TgVAov2sK0S/PZiy+L9/y0=">AAACF3icbZDLSsNAFIYnXmu9RV26CRZBEEoigm6EohuXFUxbaEKZTE/aoZMLMydCCXkLN76KGxeKuNWdb+P0Btr6w8DHf85hzvmDVHCFtv1tLC2vrK6tlzbKm1vbO7vm3n5DJZlk4LJEJLIVUAWCx+AiRwGtVAKNAgHNYHAzqjcfQCqexPc4TMGPaC/mIWcUtdUxq15EsR+EOSuuZgjF6QxdT0CIbelJ3uujX3TMil21x7IWwZlChUxV75hfXjdhWQQxMkGVajt2in5OJXImoCh7mYKUsgHtQVtjTCNQfj6+q7COtdO1wkTqF6M1dn9P5DRSahgFunO0r5qvjcz/au0Mw0s/53GaIcRs8lGYCQsTaxSS1eUSGIqhBsok17tarE8lZaijLOsQnPmTF6FxVnXsqnN3XqldT+MokUNyRE6IQy5IjdySOnEJI4/kmbySN+PJeDHejY9J65IxnTkgf2R8/gDcTqD5</latexit><latexit sha1_base64="B8me5TgVAov2sK0S/PZiy+L9/y0=">AAACF3icbZDLSsNAFIYnXmu9RV26CRZBEEoigm6EohuXFUxbaEKZTE/aoZMLMydCCXkLN76KGxeKuNWdb+P0Btr6w8DHf85hzvmDVHCFtv1tLC2vrK6tlzbKm1vbO7vm3n5DJZlk4LJEJLIVUAWCx+AiRwGtVAKNAgHNYHAzqjcfQCqexPc4TMGPaC/mIWcUtdUxq15EsR+EOSuuZgjF6QxdT0CIbelJ3uujX3TMil21x7IWwZlChUxV75hfXjdhWQQxMkGVajt2in5OJXImoCh7mYKUsgHtQVtjTCNQfj6+q7COtdO1wkTqF6M1dn9P5DRSahgFunO0r5qvjcz/au0Mw0s/53GaIcRs8lGYCQsTaxSS1eUSGIqhBsok17tarE8lZaijLOsQnPmTF6FxVnXsqnN3XqldT+MokUNyRE6IQy5IjdySOnEJI4/kmbySN+PJeDHejY9J65IxnTkgf2R8/gDcTqD5</latexit>



	78	

 The digital wavelet transform can be inverted by reversing the 
lifting-scheme operations as follows: 

     ,            (10) 

     .             (11) 

 The forward transform starts with the finest scale (the original 
sampling) and goes to the coarsest scale. The inverse transfrom starts with 
the coarsest scale and goes back to the finest scale. At the start of forward 
transform, e and o corresponds to the even and odd traces of the data 
domain. At the start of the inverse transform, c and r will have just one 
trace of the coarsest scale of the seislet domain. 
 
 The above prediction and update operators can be defined, for 
example, as follows: 
 

     ,             (12) 

and 

     ,              (13) 

where  and  are operators that predict a trace from its left and 
right neighbors, correspondingly, by shifting seismic events according to 
their local slopes. This scheme is analogous to CDF biorthogonal 
wavelets (Cohen et al., 1992). The predictions need to operate at different 
scales, which means different separation distances between traces. Taken 
through different scales, eqs. (8)-(13) provide a simple definition for the 
2D seislet transform. More accurate versions are based on other schemes 
for the digital wavelet transform (Liu et al., 2009). 

 
EXAMPLES 
 
 We use two synthetic examples to demonstrate the performance of 
different methods, one being relatively simple and one being relatively 
complex. The first example is the well-known wedge model, as shown in 
Fig. 1a. The data after deconvolution using the Fourier-domain sparsity 
constraint is shown in Fig. 1b. The data after deconvolution using the 
seislet domain sparsity constraint is shown in Fig. 1c. It is obvious that 
the strong noise has been removed effectively and the resolution has been 

e = c�U [r]
<latexit sha1_base64="cwQDeZ6ICphSTiN32nRn2gVULkg=">AAACF3icbZDLSsNAFIYnXmu9RV26CRbBjSURQTdC0Y3LCqYtNKFMpift0MmFmROhhLyFG1/FjQtF3OrOt3F6A239YeDjP+cw5/xBKrhC2/42lpZXVtfWSxvlza3tnV1zb7+hkkwycFkiEtkKqALBY3CRo4BWKoFGgYBmMLgZ1ZsPIBVP4nscpuBHtBfzkDOK2uqYVS+i2A/CHIqrGbLidIauJyDEtvQk7/XRLzpmxa7aY1mL4EyhQqaqd8wvr5uwLIIYmaBKtR07RT+nEjkTUJS9TEFK2YD2oK0xphEoPx/fVVjH2ulaYSL1i9Eau78nchopNYwC3TnaV83XRuZ/tXaG4aWf8zjNEGI2+SjMhIWJNQrJ6nIJDMVQA2WS610t1qeSMtRRlnUIzvzJi9A4qzp21bk7r9Sup3GUyCE5IifEIRekRm5JnbiEkUfyTF7Jm/FkvBjvxsekdcmYzhyQPzI+fwDfnKD7</latexit><latexit sha1_base64="cwQDeZ6ICphSTiN32nRn2gVULkg=">AAACF3icbZDLSsNAFIYnXmu9RV26CRbBjSURQTdC0Y3LCqYtNKFMpift0MmFmROhhLyFG1/FjQtF3OrOt3F6A239YeDjP+cw5/xBKrhC2/42lpZXVtfWSxvlza3tnV1zb7+hkkwycFkiEtkKqALBY3CRo4BWKoFGgYBmMLgZ1ZsPIBVP4nscpuBHtBfzkDOK2uqYVS+i2A/CHIqrGbLidIauJyDEtvQk7/XRLzpmxa7aY1mL4EyhQqaqd8wvr5uwLIIYmaBKtR07RT+nEjkTUJS9TEFK2YD2oK0xphEoPx/fVVjH2ulaYSL1i9Eau78nchopNYwC3TnaV83XRuZ/tXaG4aWf8zjNEGI2+SjMhIWJNQrJ6nIJDMVQA2WS610t1qeSMtRRlnUIzvzJi9A4qzp21bk7r9Sup3GUyCE5IifEIRekRm5JnbiEkUfyTF7Jm/FkvBjvxsekdcmYzhyQPzI+fwDfnKD7</latexit><latexit sha1_base64="cwQDeZ6ICphSTiN32nRn2gVULkg=">AAACF3icbZDLSsNAFIYnXmu9RV26CRbBjSURQTdC0Y3LCqYtNKFMpift0MmFmROhhLyFG1/FjQtF3OrOt3F6A239YeDjP+cw5/xBKrhC2/42lpZXVtfWSxvlza3tnV1zb7+hkkwycFkiEtkKqALBY3CRo4BWKoFGgYBmMLgZ1ZsPIBVP4nscpuBHtBfzkDOK2uqYVS+i2A/CHIqrGbLidIauJyDEtvQk7/XRLzpmxa7aY1mL4EyhQqaqd8wvr5uwLIIYmaBKtR07RT+nEjkTUJS9TEFK2YD2oK0xphEoPx/fVVjH2ulaYSL1i9Eau78nchopNYwC3TnaV83XRuZ/tXaG4aWf8zjNEGI2+SjMhIWJNQrJ6nIJDMVQA2WS610t1qeSMtRRlnUIzvzJi9A4qzp21bk7r9Sup3GUyCE5IifEIRekRm5JnbiEkUfyTF7Jm/FkvBjvxsekdcmYzhyQPzI+fwDfnKD7</latexit><latexit sha1_base64="cwQDeZ6ICphSTiN32nRn2gVULkg=">AAACF3icbZDLSsNAFIYnXmu9RV26CRbBjSURQTdC0Y3LCqYtNKFMpift0MmFmROhhLyFG1/FjQtF3OrOt3F6A239YeDjP+cw5/xBKrhC2/42lpZXVtfWSxvlza3tnV1zb7+hkkwycFkiEtkKqALBY3CRo4BWKoFGgYBmMLgZ1ZsPIBVP4nscpuBHtBfzkDOK2uqYVS+i2A/CHIqrGbLidIauJyDEtvQk7/XRLzpmxa7aY1mL4EyhQqaqd8wvr5uwLIIYmaBKtR07RT+nEjkTUJS9TEFK2YD2oK0xphEoPx/fVVjH2ulaYSL1i9Eau78nchopNYwC3TnaV83XRuZ/tXaG4aWf8zjNEGI2+SjMhIWJNQrJ6nIJDMVQA2WS610t1qeSMtRRlnUIzvzJi9A4qzp21bk7r9Sup3GUyCE5IifEIRekRm5JnbiEkUfyTF7Jm/FkvBjvxsekdcmYzhyQPzI+fwDfnKD7</latexit>

o = r+P [e]
<latexit sha1_base64="qN9bjhwAkxhqA8DPbygXn/NqGHY=">AAACF3icbZDLSsNAFIYnXmu9RV26CRZBEEoigm6EohuXFewFklAm05N26OTCzIlQQt7Cja/ixoUibnXn2zi9gbb+MPDxn3OYc/4gFVyhbX8bS8srq2vrpY3y5tb2zq65t99USSYZNFgiEtkOqALBY2ggRwHtVAKNAgGtYHAzqrceQCqexPc4TMGPaC/mIWcUtdUxq15EsR+EeVJczVAWpzOsewJCdMGTvNdHv+iYFbtqj2UtgjOFCpmq3jG/vG7CsghiZIIq5Tp2in5OJXImoCh7mYKUsgHtgasxphEoPx/fVVjH2ulaYSL1i9Eau78nchopNYwC3TnaV83XRuZ/NTfD8NLPeZxmCDGbfBRmwsLEGoVkdbkEhmKogTLJ9a4W61NJGeooyzoEZ/7kRWieVR276tydV2rX0zhK5JAckRPikAtSI7ekThqEkUfyTF7Jm/FkvBjvxsekdcmYzhyQPzI+fwDpRaEA</latexit><latexit sha1_base64="qN9bjhwAkxhqA8DPbygXn/NqGHY=">AAACF3icbZDLSsNAFIYnXmu9RV26CRZBEEoigm6EohuXFewFklAm05N26OTCzIlQQt7Cja/ixoUibnXn2zi9gbb+MPDxn3OYc/4gFVyhbX8bS8srq2vrpY3y5tb2zq65t99USSYZNFgiEtkOqALBY2ggRwHtVAKNAgGtYHAzqrceQCqexPc4TMGPaC/mIWcUtdUxq15EsR+EeVJczVAWpzOsewJCdMGTvNdHv+iYFbtqj2UtgjOFCpmq3jG/vG7CsghiZIIq5Tp2in5OJXImoCh7mYKUsgHtgasxphEoPx/fVVjH2ulaYSL1i9Eau78nchopNYwC3TnaV83XRuZ/NTfD8NLPeZxmCDGbfBRmwsLEGoVkdbkEhmKogTLJ9a4W61NJGeooyzoEZ/7kRWieVR276tydV2rX0zhK5JAckRPikAtSI7ekThqEkUfyTF7Jm/FkvBjvxsekdcmYzhyQPzI+fwDpRaEA</latexit><latexit sha1_base64="qN9bjhwAkxhqA8DPbygXn/NqGHY=">AAACF3icbZDLSsNAFIYnXmu9RV26CRZBEEoigm6EohuXFewFklAm05N26OTCzIlQQt7Cja/ixoUibnXn2zi9gbb+MPDxn3OYc/4gFVyhbX8bS8srq2vrpY3y5tb2zq65t99USSYZNFgiEtkOqALBY2ggRwHtVAKNAgGtYHAzqrceQCqexPc4TMGPaC/mIWcUtdUxq15EsR+EeVJczVAWpzOsewJCdMGTvNdHv+iYFbtqj2UtgjOFCpmq3jG/vG7CsghiZIIq5Tp2in5OJXImoCh7mYKUsgHtgasxphEoPx/fVVjH2ulaYSL1i9Eau78nchopNYwC3TnaV83XRuZ/NTfD8NLPeZxmCDGbfBRmwsLEGoVkdbkEhmKogTLJ9a4W61NJGeooyzoEZ/7kRWieVR276tydV2rX0zhK5JAckRPikAtSI7ekThqEkUfyTF7Jm/FkvBjvxsekdcmYzhyQPzI+fwDpRaEA</latexit><latexit sha1_base64="qN9bjhwAkxhqA8DPbygXn/NqGHY=">AAACF3icbZDLSsNAFIYnXmu9RV26CRZBEEoigm6EohuXFewFklAm05N26OTCzIlQQt7Cja/ixoUibnXn2zi9gbb+MPDxn3OYc/4gFVyhbX8bS8srq2vrpY3y5tb2zq65t99USSYZNFgiEtkOqALBY2ggRwHtVAKNAgGtYHAzqrceQCqexPc4TMGPaC/mIWcUtdUxq15EsR+EeVJczVAWpzOsewJCdMGTvNdHv+iYFbtqj2UtgjOFCpmq3jG/vG7CsghiZIIq5Tp2in5OJXImoCh7mYKUsgHtgasxphEoPx/fVVjH2ulaYSL1i9Eau78nchopNYwC3TnaV83XRuZ/NTfD8NLPeZxmCDGbfBRmwsLEGoVkdbkEhmKogTLJ9a4W61NJGeooyzoEZ/7kRWieVR276tydV2rX0zhK5JAckRPikAtSI7ekThqEkUfyTF7Jm/FkvBjvxsekdcmYzhyQPzI+fwDpRaEA</latexit>

P [e]k =
⇣
P(+)

k [ek�1] +P(�)
k [ek]

⌘
/2

<latexit sha1_base64="MP/8PgtUtWkkhjWP+fZGNRud5aY="></latexit><latexit sha1_base64="MP/8PgtUtWkkhjWP+fZGNRud5aY="></latexit><latexit sha1_base64="MP/8PgtUtWkkhjWP+fZGNRud5aY="></latexit><latexit sha1_base64="MP/8PgtUtWkkhjWP+fZGNRud5aY="></latexit>

U [r]k =
⇣
P(+)

k [rk�1] +P(�)
k [rk]

⌘
/4

<latexit sha1_base64="Fvwme5MgOI6jZn9pjQgbbQVL8Us="></latexit><latexit sha1_base64="Fvwme5MgOI6jZn9pjQgbbQVL8Us="></latexit><latexit sha1_base64="Fvwme5MgOI6jZn9pjQgbbQVL8Us="></latexit><latexit sha1_base64="Fvwme5MgOI6jZn9pjQgbbQVL8Us="></latexit>

P(+)
k

<latexit sha1_base64="jFitIDHsqSD5OJCy6q63yHk2g0k=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSJUhJKIoMuiG5cV7APaWCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOH3OmtON8Wyura+sbm6Wt8vbO7t6+fVBpqyiRhLZIxCPZ9bGinAna0kxz2o0lxaHPacef3OR+55FKxSJxr6cx9UI8EixgBGsjDexKP8R67AdpM3tIa2en2WAysKtO3ZkBLRO3IFUo0BzYX/1hRJKQCk04VqrnOrH2Uiw1I5xm5X6iaIzJBI9oz1CBQ6q8dJY9QydGGaIgkuYJjWbq740Uh0pNQ99M5knVopeL/3m9RAdXXspEnGgqyPxQkHCkI5QXgYZMUqL51BBMJDNZERljiYk2dZVNCe7il5dJ+7zuOnX37qLauC7qKMERHEMNXLiEBtxCE1pA4Ame4RXerMx6sd6tj/noilXsHMIfWJ8/fqGUEQ==</latexit><latexit sha1_base64="jFitIDHsqSD5OJCy6q63yHk2g0k=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSJUhJKIoMuiG5cV7APaWCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOH3OmtON8Wyura+sbm6Wt8vbO7t6+fVBpqyiRhLZIxCPZ9bGinAna0kxz2o0lxaHPacef3OR+55FKxSJxr6cx9UI8EixgBGsjDexKP8R67AdpM3tIa2en2WAysKtO3ZkBLRO3IFUo0BzYX/1hRJKQCk04VqrnOrH2Uiw1I5xm5X6iaIzJBI9oz1CBQ6q8dJY9QydGGaIgkuYJjWbq740Uh0pNQ99M5knVopeL/3m9RAdXXspEnGgqyPxQkHCkI5QXgYZMUqL51BBMJDNZERljiYk2dZVNCe7il5dJ+7zuOnX37qLauC7qKMERHEMNXLiEBtxCE1pA4Ame4RXerMx6sd6tj/noilXsHMIfWJ8/fqGUEQ==</latexit><latexit sha1_base64="jFitIDHsqSD5OJCy6q63yHk2g0k=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSJUhJKIoMuiG5cV7APaWCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOH3OmtON8Wyura+sbm6Wt8vbO7t6+fVBpqyiRhLZIxCPZ9bGinAna0kxz2o0lxaHPacef3OR+55FKxSJxr6cx9UI8EixgBGsjDexKP8R67AdpM3tIa2en2WAysKtO3ZkBLRO3IFUo0BzYX/1hRJKQCk04VqrnOrH2Uiw1I5xm5X6iaIzJBI9oz1CBQ6q8dJY9QydGGaIgkuYJjWbq740Uh0pNQ99M5knVopeL/3m9RAdXXspEnGgqyPxQkHCkI5QXgYZMUqL51BBMJDNZERljiYk2dZVNCe7il5dJ+7zuOnX37qLauC7qKMERHEMNXLiEBtxCE1pA4Ame4RXerMx6sd6tj/noilXsHMIfWJ8/fqGUEQ==</latexit><latexit sha1_base64="jFitIDHsqSD5OJCy6q63yHk2g0k=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSJUhJKIoMuiG5cV7APaWCbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOH3OmtON8Wyura+sbm6Wt8vbO7t6+fVBpqyiRhLZIxCPZ9bGinAna0kxz2o0lxaHPacef3OR+55FKxSJxr6cx9UI8EixgBGsjDexKP8R67AdpM3tIa2en2WAysKtO3ZkBLRO3IFUo0BzYX/1hRJKQCk04VqrnOrH2Uiw1I5xm5X6iaIzJBI9oz1CBQ6q8dJY9QydGGaIgkuYJjWbq740Uh0pNQ99M5knVopeL/3m9RAdXXspEnGgqyPxQkHCkI5QXgYZMUqL51BBMJDNZERljiYk2dZVNCe7il5dJ+7zuOnX37qLauC7qKMERHEMNXLiEBtxCE1pA4Ame4RXerMx6sd6tj/noilXsHMIfWJ8/fqGUEQ==</latexit>

P(�)
k
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enhanced greatly, and more importantly, the two deconvolved data are 
almost the same. We can get an initial conclusion that for relatively 
simple structure (i.e., linear events), the Fourier method and the seislet 
method can obtain similar results. We estimated the wavelet by stacking 
part of the data along the spatial dimension. The estimated wavelet is 
shown in Fig. 2a. The squeezed wavelet using a squeezing factor λ = 4 is 
shown in Fig. 2b. Fig. 3 shows a single-trace comparison between the 
original data and the data using different approaches. The comparison 
further confirms that the two methods are very close in this example. 
 
 

       
  
   (a)         (b) 
 
 

 
 
        (c) 
 
Fig. 1. The first synthetic data example (the wedge model). (a) Noisy data. 
(b) Deconvolved data using the Fourier-domain sparsity constraint.  
(c) Deconvolved data using the seislet-domain sparsity constraint. 
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   (a)      (b) 
 
Fig. 2.  The first synthetic data example (the wedge model). (a) Estimated wavelet and  
(b) the squeezed wavelet. 
 
 

 
 
Fig. 3. Single-trace comparison of the first synthetic data example. 
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 The second example is a slightly different model but is more 
complex. The model is shown in Fig. 4a. As can be seen in Fig. 4a, there 
is a curving event in the current model. The Fourier-domain method 
removes a lot of curving energy, as can be seen in Fig. 4b. The proposed 
method, however, preserves the curving event well, as seen in Fig. 4c. We 
also show a spectrum comparison in Fig. 5. It is obvious that the 
deconvolved data both have wider spectrum than the raw data. Besides, 
the proposed seislet constraint preserves the curving signal energy much 
better than the Fourier-domain constraint. 
 
 
 

 
 
   (a)      (b) 
 
 

 
 
        (c) 
 
Fig. 4.  The second synthetic data example. (a) Noisy data. (b) Deconvolved data using 
the Fourier-domain sparsity constraint. (c) Deconvolved data using the seislet-domain 
sparsity constraint. 
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(a)                                                   (b) 

	

(c)	

Fig. 5. Spectrum comparison of the second synthetic data example. (a) Noisy data.  
(b) Deconvolved data using the Fourier-domain sparsity constraint. (c) Deconvolved data 
using the seislet-domain sparsity constraint. Note the spectrum whitening and the well 
preserved signal energy in the spectrum using the proposed method. 

	

 Fig. 6 shows a single-trace comparison between the original data 
and the data using different approaches, which clearly demonstrates that 
the blue line (corresponding to the Fourier method) and the green line 
(corresponding to the seislet method) deviate a lot. 
 
 The next example is a land post-stack seismic section, as shown in 
Fig. 7a. The deconvolved results using the two methods are shown in Figs. 
7b and 7c, respectively. It is clear that the Fourier-domain constraint 
method removes a lot of details of the data while the proposed seislet-
domain constraint preserves the curving details very well. Although there 
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seems to be an amplitude banding issue in the result, the proposed method 
is more convincing, as inferred from the synthetic test. For a better 
comparison, we zoomed three sections from different data in Fig. 7 and 
show them in Fig. 8. It is salient that the results from the Fourier-domain 
constraint contain almost flat events while the curving events are 
maintained well using the seislet-domain constraint. 
 

	

	

 
Fig. 6. Single-trace comparison of the second synthetic data example. 
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(a)                                               (b) 

	

						(c)	

Fig. 7.  The field data example. (a) Field data. (b) Deconvolved data using the Fourier 
domain sparsity constraint. (c) Deconvolved data using the seislet-domain sparsity 
constraint. 
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(a)                                                  (b) 

											

         (c) 
 
Fig. 8. The field data example (zoomed comparison). (a) Field data. (b) Deconvolved data 
using the Fourier-domain sparsity constraint. (c) Deconvolved data using the seislet 
domain sparsity constraint. 
 
CONCLUSIONS 
 
 We have proposed a novel regularization method for constraining 
iterative deconvolution. The regularization is applied using the shaping 
regularization framework and a seislet domain sparsity constraint. 
Compared with the Fourier-domain sparsity constraint, the seislet-domain 
constraint can help the inversion preserve curving reflection events. The 
wedge model shows that in structurally simple data, the proposed method 
can obtain the similar performance as the Fourier-domain constraint 
method. However, for more complicated data, the proposed method 
outperforms the traditional method. The field data example further 
demonstrates the superior performance of the seislet-domain constraint to 
the traditional Fourier-domain constraint. 
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