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ABSTRACT 
  
Lv, H., 2019. Sparse dictionary learning for noise attenuation in the exactly flattened 
dimension. Journal of Seismic Exploration, 28: 449-474. 
 
 Seismic noise attenuation is a long-standing and crucial problem in reflection seismic 
data processing community. In recently years, the dictionary learning based approaches 
have attracted more and more attention. Dictionary learning provides an adaptive way to 
optimally represent a given dataset. In dictionary learning, the basis function is adapted 
according the given data instead of being fixed in many analytical sparse transforms. The 
application of the dictionary learning techniques in seismic data processing has been 
popular in the past decade. However, most dictionary learning algorithms are directly 
taken from the image processing community and thus are not suitable for seismic data. 
Considering that the seismic data is spatially coherent, the dictionary should better be 
learned according to the coherency information in the seismic data. We found the 
dictionary learning performs better when the spatial correlation is stronger and thus we 
propose to use a flattening operator to help learn the dictionary in the flattened dimension, 
where the strong spatial coherence helps construct a dictionary that follows better the 
structural pattern in the seismic data. The presented dictionary learning in the flattened 
dimension (DLF) thus has a stronger capability in separating signal and noise. We use 
both synthetic and field data examples to demonstrate the superb performance of the 
proposed method. 
 
KEY WORDS: noise suppression, dictionary learning, flattening, seismic data, 
      signal-to-noise ratio. 
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INTRODUCTION 
 
  Seismic data processing is a crucial step for preparing high-quality 
data that can be used to image the subsurface structure. Seismic noise 
attenuation is one of the most significant steps in the whole seismic data 
processing and imaging workflow. It has great influence to many subsequent 
processing tasks, such as amplitude-variation-offset inversion, reverse time 
migration, full waveform inversion, and automatic interpretation for oil&gas 
detection (Gan et al., 2016c; Rastogi et al., 2017; Zhou and Han, 2018; Zhou 
et al., 2017a; Li et al., 2017a; Fabien-Ouellet et al., 2017; Liu et al., 2017a; 
Li et al., 2017b; Li and Zhang, 2017; Wang et al., 2017b; Wang et al., 
2018;Garcia-Yeguas et al., 2017; Yang and Zhu, 2017; Song et al., 2017; 
Chen et al., 2018; Chen, 2018a). To enhance the quality of the seismic data, 
one can apply different mathematical or statistical methods to boost the 
signal to noise ratio (SNR) of the data. 
  
  In the past several decades, a large number of algorithms have been 
developed for seismic noise attenuation. Stacking the seismic data along the 
spatial directions, e.g., the offset direction, can enhance the energy of 
spatially coherent useful waveform signals as well as mitigate the spatially 
incoherent random noise (Mayne, 1962; Yang et al., 2015; Zu et al., 2016; 
Xie et al., 2017; Wu and Bai, 2018b). One of the commonly used 
state-of-the-art algorithms is the prediction-based method, including t-x 
predictive filtering (Abma and Claerbout, 1995) and f-x deconvolution 
(Canales, 1984; Chen and Ma, 2014). This type of methods utilize the 
predictive property of useful signals along spatial direction to create a 
regression-like model for distinguishing between signal and noise. Another 
type of commonly used methods are based on data decomposition (Chen and 
Ma, 2014; Gan et al., 2016a; Chen et al., 2016a, 2017a,d,b; Gan et al., 2015a; 
Wang et al., 2017a; Liu et al., 2016a, 2017c, 2018; Fomel, 2013; Wu et al., 
2018). This type of methods assume that noisy seismic data can be 
decomposed into different components where signal and noise are separated 
based on their frequency difference or morphological difference (Li et al., 
2016b). Empirical mode decomposition (EMD) (Huang et al., 1998; Chen, 
2016) and its improved version, e.g., ensemble empirical mode 
decomposition (EEMD) (Wu and Huang, 2009), complete ensemble 
empirical mode decomposition (CEEMD) (Chen et al., 2016a), have been 
used intensively for reducing the noise in seismic data (Chen et al., 2017b). 
Variational mode decomposition was proposed by Dragomiretskiy and 
Zosso (2014) for substituting EMD because of its explicit control on the 
decomposition performance. It has been utilized for noise attenuation in Liu 
et al. (2017b) and for time-frequency analysis by Liu et al. (2017c). 
Regularized non-stationary decomposition (Wu et al., 2018; Chen, 2018b) is 
another decomposition method which is also based on a solid mathematical 
model. 
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  Other denoising methods include morphology methods (Li et al., 
2016a,b), which are based on the morphology difference of signal and noise, 
transform methods (Chen et al., 2014; Zu et al., 2016; Zu et al., 2017; Liu et 
al., 2016b,c; Gan et al., 2016d,e; Zu et al., 2017; Xue et al., 2017; Chen and 
Fomel, 2018), which are based on the sparsity in a transform domain, 
median filtering methods (Gan et al., 2016b; Chen et al., 2017c; Bai and Wu, 
2017; Xie et al., 2018; Chen et al., 2019), which are especially useful in 
rejecting spike-like noise, and rank-reduction based methods (Vautard et al., 
1992; Gao et al., 2013; Cheng and Sacchi, 2015; Chen et al., 2016d; Zhou 
and Zhang, 2017; Zhou et al., 2018; Bai et al., 2018a,b). Rank-reduction 
based approaches assume the seismic data to be low-rank after some data 
rearrangement steps (Chen et al., 2016d). Such methods include nuclear 
norm minimization (Zhou and Zhang, 2017), singular spectrum analysis 
(Vautard et al., 1992; Gao et al., 2013; Cheng and Sacchi, 2015; Zhou et al., 
2018), damped singular spectrum analysis (Chen et al., 2016c; Siahsar et al., 
2017c), multi-step singular spectrum analysis (Zhang et al., 2016), 
sparsity-regularized singular spectrum analysis (Siahsar et al., 2016; Zhang 
et al., 2017), structural low-rank approximation (Zhou et al., 2017b), and 
empirical low-rank approximation (Chen et al., 2017f). The rank-reduction 
based methods may require a local processing strategy that can further 
improve the denoising capability (Chen et al., 2017e). Instead of developing 
a standalone denoising strategy, Chen and Fomel (2015) proposed a two-step 
denoising approach that tries to solve a long-existing problem in almost all 
denoising approaches: the signal leakage problem. By initiating a new 
concept called local orthogonalization, Chen and Fomel (2015) successfully 
retrieved the coherent signals from the removed noise section to guarantee 
no signal leakage in any denoising algorithms. Xue et al. (2016) used the 
rank-increasing property of noise when iteratively estimating the useful 
signals from simultaneous-source data. 
  
  Dictionary learning (DL) methods (Rubinstein et al., 2008; Romano 
and Elad, 2013; Wu and Bai, 2018a) are alternatives to predefining a 
transform. They capture the morphology of the redundant signal present in 
the data, to provide a dictionary which is optimal to represent this data in a 
sparse manner. The resulting dictionary is similar to and has the same role as 
a transform, but it is only physically expressed, i.e., it is stored as a matrix. 
Since the dictionary is data-driven, it often leads to sparse representations 
that are closer to the data compared with predefined transforms. In seismic 
processing, DL can provide state-of-the-art results for random noise 
attenuation, coherent noise elimination, and reconstruction of randomly 
missing traces. The sparse dictionary ased methods belong to a machine 
learning type of denoising method. These methods have not been widely 
used in seismic data processing until recent years (Siahsar et al., 2017b,a; 
Chen, 2017). Zhu et al. (2014) developed a parametric dictionary learning 
scheme which exploits underlying sparse structure constraint to reduce the 
learned dictionary atoms. Zhou et al. (2016) used an patchwise dictionary 
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learning scheme with an additional regularization term on the dictionary to 
separate the interference for the simultaneous source data. To combine the 
advantages of analytic approach and dictionary learning approach, 
Rubinstein et al. (2010) and Chen et al. (2016b) implemented the double 
sparsity dictionary to attenuate random noise. To solve the problem of 
computation, Rubinstein et al. (2008) used an approximate solution to 
instead the K-SVD algorithm, which requires a few iteration to provide very 
close results to the whole computation. 
  
  In this paper, we propose a dictionary learning algorithm to learn the 
atoms along an flattened event trajectory. The spatial coherence is thus 
strengthened and the learned dictionary has a better capability to represent 
the seismic data. Compared with our previous work (Lv and Bai, 2018), in 
this paper we develop an exact flattening operator to learn the features in the 
flattened domain in order to better reject the noise. We first introduce the 
basics of the dictionary learning theory and introduce the flattening operator. 
We then use synthetic and field data examples to compare the learned 
dictionaries using different methods and their corresponding denoising 
performance. Finally, we draw some key conclusions at the end of the paper. 
 
  
THEORY 
 
Dictionary learning 
  
  Dictionary learning (DL) methods (Romano and Elad, 2013; 
Rubinstein et al., 2008) are effective tools to automatically find a sparse 
representation of a data set. They train a set of basis vectors on the data to 
capture the morphology of the redundant signals. The basis vectors are 
called atoms, and the set is referred to as the dictionary. This dictionary can 
be used to represent the data in a sparse manner with a linear combination of 
few of its atoms. Given noisy data y arranged into the training sample matrix 
Y = R(y) ∈ RN, where R denotes the sampling operator which extracts a 
block from noisy data y and sort the block into a vector as the column of 
matrix Y. Denoising of Y by dictionary learning amounts to find a dictionary 
D ∈ RN(whose columns are the dictionary atoms) and the sparse coefficients 
A ∈ RKxN to represent the training matrix Y, which can be expressed as  
 

     ,         (1) 
 
where ∥·∥F represents the Frobenius norm of a matrix, ∥·∥0 refers to the L0 
norm, which denotes the number of non-zero elements of the input vector. 

argmin
D,A

k Y �DA k2F , s.t. k A k0 T0
<latexit sha1_base64="3YEtnVFV8cMuILkfm0GX9XNy8tU="></latexit><latexit sha1_base64="3YEtnVFV8cMuILkfm0GX9XNy8tU="></latexit><latexit sha1_base64="3YEtnVFV8cMuILkfm0GX9XNy8tU="></latexit><latexit sha1_base64="3YEtnVFV8cMuILkfm0GX9XNy8tU="></latexit>
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   The multiplication DA is bilinear, which means that it is linear in 
each variable of D or A if the other one is constant. K-SVD is the most 
widely used way to solve eq. (1). In the K-SVD algorithm, there are mainly 
two steps: 
  
 1. Sparse-coding the training matrix Y using the dictionary. 
 	
 2. Updating the dictionary atoms using the singular value decomposition 
   (SVD).  
 
  The sparse-coding is to solve the optimization problem with the 
given dictionary D, e.g., discrete cosine transform dictionary (DCT): 
 
  

     .       (2) 
 

Solving eq. (2) is NP-hard and the L1 norm approximate solution can be 
considered to solve the similar error-constrained objective function 
 
  

    ,          (3) 
 

where ε is the target error, ∥·∥1 refers to the L1 norm. The orthogonal 
matching pursuit (OMP) method can be effective to solve the minimization 
problem approximately.  
 
  Updating the dictionary aims to solve the following the subproblem 
  

    ,         (4) 
 
where Ek is the error matrix without the k-th column atom, dk and ak

T are 
updated atoms and its corresponding coefficient row in A, respectively. This 
problem can then be easily solve via SVD. SVD decomposes the error 

argmin
A

k Y �DA k2F , s.t. k A k0 T0
<latexit sha1_base64="3meRIaLDfPP3M/BilFpYdurmN0M="></latexit><latexit sha1_base64="3meRIaLDfPP3M/BilFpYdurmN0M="></latexit><latexit sha1_base64="3meRIaLDfPP3M/BilFpYdurmN0M="></latexit><latexit sha1_base64="3meRIaLDfPP3M/BilFpYdurmN0M="></latexit>

argmin
A

k A k1 s.t. k Y �DA k2F ✏
<latexit sha1_base64="QGUDnAkP0VQbxZczb0DpXYxy/+c="></latexit><latexit sha1_base64="QGUDnAkP0VQbxZczb0DpXYxy/+c="></latexit><latexit sha1_base64="QGUDnAkP0VQbxZczb0DpXYxy/+c="></latexit><latexit sha1_base64="QGUDnAkP0VQbxZczb0DpXYxy/+c="></latexit>

k Y �DA k2F =k Y �
KX

j=1

dja
j
T k2F ,

=k Y �
X

j 6=k

dja
j
T � dka

k
T k2F ,

=k Ek � dka
k
T k2F
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matrix Ek into U∆V
T . Thus, the updated dictionary atom is the first column 

of U, and coefficient ak is the multiplication of the first column of V and ∆ 
(1, 1). The product DA is decomposed into the sum of K rank-1 matrices, in 
which the algorithm is called ”K-SVD”. However, the major disadvantage of 
K-SVD is the computational demanding, especially when Ek is large, since 
it may requires thousands of SVD. Usually, an exact solver is not required. 
To accelerate the learning process, an approximate solution can be used to 
replace the exact SVD. The step of updating can be accomplished by an 
iterative alternating optimization (AO) method given by 
  

    ,                       (5) 
 
    .                         (6) 
 
 
Dictionary learning in the flattened dimension 
  
  In conventional DL, the atoms are unstructured, and are only 
numerically defined over a grid which has the same sampling as the data. 
Consequently, the atoms are unknown away from this sampling grid, and a 
sparse representation of the data in the dictionary domain is not sufficient 
information to guarantee a successful separation between signal and noise. 
We find that the performance of the dictionary learning highly depends on 
the spatial coherence of the training data. The worse coherence will make 
the learned dictionary less capable of representing the complex structure. For 
aiding the dictionary learning process in the case of structurally complex 
area, e.g., steeply dipping data, we propose to prepare the data to be more 
spatially coherent so that the structural complexity is much decreased, which 
is less demanding for the dictionary training. 
  
  To prepare a seismic gather with better spatial coherence, we follow 
the prediction based method proposed in Liu et al. (2010) and Gan et al. 
(2016b). Simply speaking, seismic data differs from a general digital image 
in that it contains events that are coherent along the space direction. Because 
of such space coherence, the neighbor traces can be predicted. The flattening 
process is equivalent to applying multiple prediction operations among 
neighbor traces so that the output data after the flattening process contain 
only flat/horizontal events. The process can be simply expressed as 
  

    ,                         (7) 

dk =
Ekak

k Ekak k2
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ak = ET
k dk
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PjD
R
j = D

R
j
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where DRj means the j-th local window. j denotes the trace number. R 
denotes the window length. DRj denotes the flattened local window for the 
j-th trace with a window length as R. Pj denotes the j-th flattening operator. 
  
  According to Gan et al. (2016b), eq. (7) can be expressed as the 
detailed form as follows: 
 
 

    (8) 
 
di,j denotes i-th trace in the j-th window. σi,j denotes the slope at i-th trace 
in the j-th window. If we need to predict a trace from a relatively distant 
trace, we have to use a recursive prediction strategy, e.g., (Liu et al., 2010), 
the prediction from the k-th trace to the first trace can be expressed as 
 	
 

  (9) 
 
 
  Fig. 1 shows a synthetic example, where (a) denotes a synthetic 
seismic gather and (b) denotes the estimated slope using the PWD method 
(Fomel, 2002). Fig. 2 shows a example of the flattened gathers. Fig. 2(a) 
shows the flattened gather corresponding to the 5-th trace and Fig. 2(b) 
shows the flattened window corresponding to the 30-th trace. It can 
demonstrated that with the aforementioned flattening operation, a curved 
seismic event can be flattened in the local window. 
  
  The PWD algorithm that we use to generate the local slope map is 
currently known as the most robust algorithm in the literature (Zu et al., 
2017). However, in the case of extremely strong random noise, the accuracy 
of the result from the PWD algorithm is still unreliable. Thus, to improve the 
reliability of the PWD algorithm in extreme cases will be a future topic. 
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Fig. 1. (a) Synthetic seismic gather. (b) Estimated slope using the PWD method.  

Fig. 2. A demonstration of the flattened gather. (a) Flattened window corresponding to 
the 5-th trace. (b) Flattened window corresponding to the 30-th trace. 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EXAMPLES 
 
  In this section, we will use two examples to demonstrate the 
performance of the dictionary learning method in the flattened dimension 
(DLF) in separating useful reflection signals and ambient random noise. We 
would be especially curious on how the flattening operator affect the learned 
dictionary atoms. To quantitatively compare the denoising performance, we 
use the signal-to-noise ratio (SNR) metric defined below: 
 

      ,             (10) 
 
where d0 is the clean data, and d is the noisy or denoised data. Both d0 and d 
are vectorized data (1D vector). 
  
  The first synthetic example is a synthetic example, as shown from 
Figs. 3 to 8. Fig. 3(a) shows the clean data. The noisy data is shown in Fig. 
3(b). The SNR of the noisy data is 3.14 dB. Figs. 3(c) and 3(d) show two 
zoomed sections from the clean and noisy data. The zooming areas are 
indicated by the black frameboxes. In this example, we first compare the 
learned dictionaries for different methods. Fig. 4a shows the initial input 
dictionary, which corresponds to the simple discrete cosine transform (DCT). 
Fig. 4b shows the traditionally learned dictionary, which is much different 
from Fig. 4a. Fig. 4c shows the learned dictionary using the proposed 
method. The dictionary using the proposed method is learned from the 
flattened data (to enhance spatial coherence). Comparing each figure in 
Fig.4, we find that the learned dictionary adapts to the input training data 
better than the initial dictionary (DCT basis functions). The proposed 
method differs from the traditional DL method in that the obtained 
dictionary atoms using the proposed method is much more structurally 
simple, and more uniform, e.g., with small dip angle and being less spatially 
aliasing. The traditionally trained dictionary, however, contains atoms with 
much larger irregularities. Fig. 5 shows the comparison between different 
denoised data. In addition to the dictionary learning method, we also 
compare the performance with the f-x deconvolution method. Figs. 5(a)-(b) 
correspond to the denoised data and Figs. 5(c)-(d) correspond to the zoomed 
data. It is very clear that the result from the proposed method is much 
cleaner and closer to the exact solution shown in Fig. 3(a). The SNRs for the 
f-x deconvolution method, the traditional DL method, and the proposed 
method are 6.75 dB, 8.34 dB, and 14.76 dB, respectively. Fig. 6 shows a 
comparison between the noise rejection performance. The noise rejection 
performance is defined as the difference between noisy data and the 
denoised data using different methods. Note that the proposed method 
removes obviously more noise than the traditional DL method. Here, it is 
worth mentioning that for the sake for losing useful reflection energy, we use 

SNR = 10 log10
kd0k22

kd0 � dk22
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Fig. 3. Synthetic example. (a) Clean data. (b) Noisy data. (c) and (d) Zoomed areas from 
the frame boxes. 
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Fig. 4. Comparison between different dictionaries. (a) Initial dictionary. (b) Traditionally 
learned dictionary. (c) Learned dictionary in the flattened dimension.  
 
 
a relatively conservative threshold in the transform domain. Because of the 
less sparsifing performance, we need to use a relatively high threshold value 
for the traditional DL method, which results a much weaker removal of 
noise. Fig. 8a shows a comparison of trace-by-trace amplitude for different 
data. The proposed method appears to be the closest to the clean data. In a 
better comparison way, we plot the trace-by-trace error for the three methods 
in Fig. 8b, where we can see that the f-x deconvolution method causes the 
largest error and the proposed method causes the smallest error. 
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Fig. 5. Synthetic example. (a) Denoised data using the f-x deconvolution method. (b) 
Denoised data using the traditional DL method. (c) Denoised data using the proposed 
method. (d)-(f) Zoomed areas from the frame boxes.  
 
 
  It is worth noting that the PWD algorithm is the most accurate and 
robust slope estimation method to date. It can also work well in the case of 
strong noise. Thus, in most cases, the flattening operator can also work well 
and thus the proposed method can work effectively in most situations. 
However, in order to test the influence of the slope estimation to the final 
learned dictionary atoms. We implement a synthetic test. We let the 
estimated slope shown in Fig. 1(b) contain different levels of errors, and 
then learned dictionary atoms from the noisy data using the inaccurate slopes. 
The learned dictionaries in different cases are shown in Fig. 9, where (a)-(d) 
shows the learned dictionary atoms when the local slope contains 20%, 10%, 
5%, and 2% errors, respectively. Note that the as the slope becomes more 
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and more accurate, the learned dictionary atoms become more and more 
uniform and flatter. The flatter atoms indicate better spatial coherency and a 
better representative capability of the atoms, which further brings a better 
signal-and-noise separation performance. 
 

 
Fig. 6. Synthetic example. (a) Removed noise using the f-x deconvolution method. (b) 
Removed noise using the traditional DL method. (c) Removed noise using the proposed 
method.  
 
 

 
 
Fig. 7. Synthetic example. (a) Denoising error using the f-x deconvolution method. (b) 
Denoising error using the traditional DL method. (c) Denoising error using the proposed 
method. 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Fig. 8. Amplitude and error comparison. (a) Trace-by-trace amplitude comparison. 
(b) Error comparison. Note that the proposed DLF method obtains the least error.  
 
 
  To test the effective performance of the proposed method on more 
complicated examples, we create another more realistic synthetic example 
shown in Fig. 10. In this example, there is an curving and highly oscillating 
events, which mimics a common-offset seismic gather. Fig. 10a shows the 
clean data.  Fig. 10b shows the noisy data by adding some random noise. 
Fig. 10c shows the denoised data using the proposed dictionary learning 
method. Fig. 10d shows the removed noise corresponding to the proposed 
method. It is obvious that the proposed method can work robustly even in 
very complicated dataset. 
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Fig. 9. Learned dictionaries when the local slope contains  (a) 20%, (b) 10%, (c) 5%,  
(d) 2% error. Note that the as the slope becomes more and more accurate, the learned 
dictionary atoms become more and more uniform and flatter.  
 
 
   Next, we test the proposed method in a real data example. Fig. 11 
shows a comparison between the clean and noisy data. Note that in this real 
data example, in order to quantitatively compare the performance for 
different methods, we select a common midpoint gather with the highest 
SNR. We use this data as the clean data and then add band-limited random 
noise to generate the noisy data (SNR = –1.31 dB). Figs. 11(a) and 11(b) 
show the clean and noisy field data. Figs. 11(c) and 11(d) show the two 
zoomed sections. We also compare the learned dictionaries for different 
methods in this example. Fig. 12a shows the basis functions for the DCT. 
Fig. 12b shows the learned dictionary using the traditional method. Fig. 12c 
shows the learned dictionary using the proposed method. We can obtain a 
similar conclusion from this comparison. The atoms shown in Fig. 12b have 
obviously large dip angle but the atoms obtained using the proposed method 
are relatively flatter. The flatter atoms have a better representation of the 
reflection seismic data because a fewer number of atoms are required to 
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represent the data, which results in a sparser coefficient domain. The 
denoised comparison shown in Fig. 13 is consistent to the performance of 
learned dictionary. The proposed method obtains a much cleaner re- 
construction of the reflection data, as shown in Fig. 13(c). In Fig. 13, the 
SNRs of the f-x deconvolution method, the traditional DL method, and the 
proposed method are 5.35 dB, 7.34 dB, 11.78 dB, respectively. Fig. 14 
shows a comparison of noise removal, where we can see a large amount of 
coherent energy existing in Fig. 14(a), indicating a great damage to useful 
data using the f-x method. The signal damages between the traditional DL 
and the proposed DL are similar but the proposed method removes much 
more noise. Fig. 16a shows a detailed amplitude comparison for different 
data. It is salient that the proposed method is the closest to the clean data and 
causes the smallest error.  
 
 

 
Fig. 10. Synthetic example with more complicated structures. (a) Clean data. (b) Noisy 
data. (c) Denoised data. (d) Removed noise. 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Fig. 11. Real data example. (a) Clean data. (b) Noisy data. (c) and (d) Zoomed areas from 
the frame boxes.  
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Fig. 12. Comparison between different dictionaries for the real data example. (a) Initial 
dictionary. (b) Traditionally learned dictionary. (c) Learned dictionary in the flattened 
dimension.  
 
 
CONCLUSIONS 

 
  Sparse dictionary learning method can use a linear combination of 
dictionary (atom signals) and sparse coefficients to optimally and adaptively 
represent the useful reflection signals in seismic data. The spatial coherence 
affects the learned dictionary greatly in that worse spatial coherence results 
in steeply dipping atoms, which are more aliasing and less representative for 
the primary energy. We have introduced a flattening operator to prepare a 
better-structured dataset that is easier for dictionary learning. Learning the 
dictionary in the flattened dimension can obtain much flatter atoms and are 
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better in sparsifing the re flections signals. The flatter atoms bring a better 
separability between signal and noise. We have used both synthetic and field 
data examples to demonstrate the superior performance of the proposed 
method compared with the f-x deconvolution method and the traditional 
dictionary learning method. 
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Fig. 13. Real data example. (a) Denoised data using the f-x deconvolution method. (b) 
Denoised data using the traditional DL method. (c) Denoised data using the proposed 
method. (d)-(f) Zoomed areas from the frame boxes.  
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Fig. 14. Real data example. (a) Removed noise using the f-x deconvolution method. (b) 
Removed noise using the traditional DL method. (c) Removed noise using the proposed 
method. 
 
 

 
 

 
 
 
Fig. 15.  Real data example. 
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Fig. 16.  Amplitude and error comparison. (a) Trace-by-trace amplitude comparison. 
(b)  Error comparison.  
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