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ABSTRACT 
 
Ge, Z.J., Pan, S.L., Li, J.Y., Huang, J.B., Luo, H.R. and He, J., 2001. Seismic AVOaz 
inversion in low-loss viscoelastic orthorhombic medium. Journal of Seismic Exploration, 
30: 545-560.  
 
 The real shale reservoirs are conventionally equivalent to the orthorhombic 
medium, which contains a large number of high angle fractures and strong horizontal 
bedding properties. The attenuation effect due to frequency-dependent absorption and 
wave-front divergence can reveal the location of oil and gas reservoirs. Weak anisotropy 
parameters (WA) and fracture compliances provide additional brittleness and fluid type 
information in the description of orthorhombic anisotropy (OA). In this paper, the 
complex WA parameters and fracture compliances associated with inverse quality 
factors are introduced into the reflection coefficient of OA medium. After a series of 
simplifications and derivations, a linear reflection coefficient formula with attenuation 
term expressed by integrated attenuation factor is available. Integrated attenuation factor 
refers to the product of inverse quality factors of dissipative background and fracture. 
Finally, WA parameters, fracture compliances and integrated inverse quality factors can 
be estimated by amplitude versus offset and azimuth (AVOA) inversion based on 
Bayesian frame. When applied to synthetic multi-azimuth angle gathers with signal-to-
noise ratio (SNR) of 2, the proposed method shows reliable stability and accuracy. 
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INTRODUCTION 
 

In unconventional oil and gas resources, shale gas has great potential as 
an alternative energy for conventional oil and gas resources. In sedimentary 
basins, Shale rock commonly has horizontal bedding structure and high 
angle fracture-developed properties due to the rich brittle minerals. 
Therefore, the combination of vertical transverse isotropic (VTI) 
background and fracture-induced horizontal transversely isotropic (HTI) 
symmetry yields the orthorhombic anisotropy (OA) in shale reservoir. 

  
The linear slip theory describes how to use fracture normal and 

tangential compliances or weaknesses to characterize the linear relationship 
between displacement difference and traction vector of fracture face 
(Schoenberg and Sayers, 1995). Hsu and Schoenberg (1993) established the 
relationship between fracture compliances and weaknesses. The compliance 
or stiffness matrix contains the information of fracture properties. Assuming 
that fracture is a circular-shaped model, the compliance matrix defined by 
Sayers (2009), Far et al. (2013) and Ge et al. (2020) embodies the density, 
area, strike and particular compliances of fractures. However, the stiffness 
matrix involving normal and tangential fracture weaknesses implies density, 
aspect ratio, and fluid of fractures (Bakulin et al., 2000). 

 
The seismic wave is affected by frequency-dependent absorption and 

wave-front diffusion during underground propagation, which causes 
instability in amplitude and frequency of seismic wave with traveltime 
(Pointer et al., 2000). Some simple methods can be used to compensate 
wave-front diffusion. The frequency-dependent attenuation, referred to as 
the inverse quality factor 1Q− , involves mineral composition, rock skeleton 
and fluid type in rocks (Chapman et al., 2002; Chapman et al., 2006). Many 
published papers have discussed and proposed rock physics attenuating 
models related to P- and S-wave velocities, moduli and inverse quality 
factors in viscoelastic rocks (Biot, 1962; Dvorkin and Nur, 1993; Dvorkin et 
al., 1995; Aki and Richards, 2002; Dvorkin and Mavko, 2006; Mavko et al., 
2009). In fractured rocks, the inverse quality factors are not only affected by 
the intrinsic viscoelasticity of background rock, but also by the viscous fluid 
in pores or fractures and liquids migration between communicating pores or 
fractures. Hudson et al. (1996) develop an effective fractured attenuating 
models by introducing dynamic properties of fluid and its flow. Pointer et 
al. (2000) analyse the influence of fracture arrangement on seismic wave 
velocity and attenuation properties in different cases of fluid movement 
mechanisms. Chapman (2003) establish a fractured rock model considering 
both microcrack and long fractures, which can reflect frequency-dependent 
anisotropy and attenuation in seismic frequency band. In viscoelastic HTI 
media, Chichinina et al. (2006) define the expression of inverse quality 
factor and built the relationship between Q-dependent Thomsen parameters 
and fracture weaknesses. Assuming weak anisotropy and low attenuation, 
Zhu and Tsvankin (2006) define Thomsen-type weak anisotropy parameter 
related to attenuation for viscoelastic transversely isotropic (TI) media. 
Moradi and Innanen (2017) derive perturbations of VTI stiffness tensor in 
the case of weak anisotropy and low-loss attenuation and construct 
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scattering formula based Born approximation for (amplitude variation with 
offset) AVO and (full waveform inversion) FWI. 

 
Many papers have been published about prediction of attenuation 

properties from seismic amplitude reflection or seismic elastic impedance 
(Chen et al., 2018; Chen and Innanen, 2018). Bayesian and ISTA algorithm 
can be used to solve the inversion equation (Ge et al., 2018; Pan et al., 2019, 
2020a,b). The current viscoelastic amplitude versus offset and azimuth 
(AVOA) methods are mainly aimed at isotropic or HTI media. Therefore, 
the prediction of attenuation properties of fractured rocks with VTI 
background of sedimentary horizontal bedding needs to be studied. 

 
In this paper, we first assume that the orthotropic medium has WA and 

weak attenuation. In this case, we first derive the expression of complex 
fracture compliances related to attenuation. Combining complex VTI 
stiffness coefficients and complex fracture compliance matrix, we then 
calculate complex generalized WA parameters from the stiffness coefficients 
of viscoelastic OA media. Following Sayers (2009) and Far et al. (2013), we 
derive a general reflection coefficient formula linearly related to complex 
fracture compliance tensors. By rewriting this general reflection coefficient 
and some simplification, we obtain a linearized reflection coefficient 
referred to WA parameters, specific compliances and new inverse quality 
factors. Finally, we create a linear AVOA inversion method with Bayesian 
framework. The stability and accuracy of new method are analysed by 
numerical simulation of noisy synthetic data. 

 
 

THEORY AND METHODS 
 
The stiffness coefficients for VTI-viscoelastic media 
 
 The complex stiffness coefficients Cmn

! =Cmn + iCmn
Im  of viscoelastic 

media can be written as real part mnC  associated with elastic and anisotropic 
properties plus imaginary part Im

mnC  due to attenuation: 
 

Cmn
! =Cmn + iCmn

Im ,                                                          (1) 

 
where, inverse quality factors are defined as 1 Im /mn mn mnQ C C− = . 

 
The stiffness coefficients of VTI-viscoelastic media can be written in 

terms of P- and S-wave moduli of isotropic background ,M µ , WA 

parameters , ,ε γ δ  and P- and S-wave inverse quality factors 1 1,P SQ Q− −  

(Moradi and Innanen, 2017): 
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C33
! =M 1+ iQP

−1( )
C55
! = µ 1+ iQS

−1( )
C11
! =M 1+ 2ε( )+ iQP−1M 1+ 2ε +εQ( )
C66
! = µ 1+ 2γ( )+ iQS−1µ 1+ 2γ +γQ( )
C13
! =M 1+δ( )− 2µ + iQP−1M 1+δ +δQ( )− 2iQS−1µ

,                                     (2) 

 
where, Q-dependent WA parameters 

QQQ δγε ,,  are assumed to be much 

smaller than 1 (Zhu and Tsvankin, 2006).  
 
 
The complex normal and tangential fracture compliances 
  
 For fractured media with isotropic background, the relationship 
between fracture weaknesses and compliances is expressed by Hsu and 
Schoenberg (1993) as: 
 

1+

1+

N
N

N

T
T

T

MB
MB
B
B

δ

µ
δ

µ

=

=

,                                                               (3) 

 
where 

Nδ  and Tδ  denote normal and tangential weaknesses, respectively. 

BN and BT are normal and tangential compliances, respectively. Considering 
the BN viscoelastic properties of background medium and the attenuation 
caused by fractures, the real elastic parameters, real fracture compliances 
and weaknesses are changed into complex type, so that complex 
compliances can be rewritten as, 
 

BN
! =

δN
!

M! 1−δN
!( )

BT
! =

δT
!

µ! 1−δT
!( )

         ,                                                   (4) 
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where M~  and µ~  are the complex P- and S-wave moduli of viscoelastic 

isotropic background. Based on complex P- and S-wave velocity, simplified 
complex P- and S-wave moduli can be derived as follows in the case of 
weak attenuation (Chen and Innanen, 2018): 
 

1

1

~

~

−

−

+=

+≈

s

p

Qi

iMQMM

µµµ
     

.                                                               (5) 

The complex weaknesses δN
! ,δT
! of lossy HTI medium are defined as 

(Chichinina et al., 2006): 
 

1

1

)1(~
)1(~

−

−

−−=

−−=

TTTT

NNNN

Qi

Qi

δδδ

δδδ      ,                                                         (6) 

 
where 1−

NQ
 and 1−

TQ
 are normal and tangential inverse quality factors 

induced by fluid and fluid movement between connected fractures. In the 
seismic frequency band (about 1-100 Hz), the tangential attenuation 1−

TQ  is 

close to zero, and neglecting the imaginary part of complex tangential 
weakness 

Tδ
~  makes it approximately equal to real type (Pointer et al., 

2000). 
 

In the case of small fracture weaknesses , 1N Tδ δ =  and low loss 

1 1 1, , 1P S NQ Q Q− − − = , complex compliances involving 1−
NQ

 and 1−
SQ  can be 

derived by substituting eqs. (5) and (6) into eq. (4): 
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(7) 
 
In simplification, the high-order terms of 1−

PQ
, 1−

SQ  and  1−
NQ , and the 

term proportional to 1−
PNQδ  are neglected. 
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The Viscoelastic stiffness matrix of orthorhombic medium 
 
 According to the scattering theorem, the total compliance of fractured 
solid rock can be taken as the superposition of background compliance 0S  
and disturbance compliance SΔ  caused by fractures (Hill, 1963; Sayers and 
Kachanov, 1995): 
 

ijklijklijkl SSS Δ+= 0   .                                                                            (8) 

 
In order to introduce attenuation knowledge of background medium and 

fractures, the complex perturbation term of rock compliance ±SΔ , second-
order 

ijα~  and fourth-order compliance tensors 
ijklβ
~ , specific tangential 

TB
~  

and normal compliances 
NB
~  and stiffness matrix of VTI-viscoelastic 

background 
0
~C  are used to replace the corresponding parameters in the 

formula for elastic OA medium. 
 
The compliance matrix of OA medium with VTI background (Fig.1) 

are expressed as (Far et al., 2013): 
 

α! ij = NV A
_
BT
!

sin2ϕ cosϕ sinϕ 0

cosϕ sinϕ cos2ϕ 0
0 0 0

⎡
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β! ijkl = NV A
_
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! − BT
!( )

sin4ϕ sin2ϕ cos2ϕ 0 0 0 2sin3ϕ cosϕ

sin2ϕ cos2ϕ cos4ϕ 0 0 0 2sinϕ cos3ϕ
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,                     

(9) 
 
where Nv represents fracture density defined as fracture number per unit 
volume, A  is the average area of a single group of fractures, and  denotes 

ϕ azimuthal angle between the fracture orientation and the reference axis.  
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Fig. 1. Orthorhombic symmetry formed by 1 group of fractures embedded in VTI 
background. 
 
 

Compared with the compliance matrix, stiffness matrix is more closely 
related to the elastic or anisotropic parameters of rock. Therefore, the simple 
mathematical matrix transformation is used to transform the compliance 
matrix into the stiffness matrix to facilitate further seismic forward and 
inversion research. Assuming that the disturbance compliance ±SΔ  is small, 
the relationship between rock stiffness matrix C!  and background stiffness 
matrix C!0  can be written by (Sayers, 2009): 

 

000
~~~~~ CSCCC Δ−=    ,                                                           (10) 

 
where the disturbance compliance matrix with arbitrary symmetry is 
constructed as: 
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                       (11) 

The linearized reflection coefficient of orthorhombic medium 

 In this article, the PP-wave reflection coefficient of WA orthorhombic 
media proposed by Pšencík and Martins (2001) is used as basic forward 
equation for derivation: 
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(12) 
 
where θ  denotes the incident angle, φ  denotes the azimuthal angle, ( )iso

PPR θ  
represents the isotropic reflection coefficient independent of any anisotropic 

feature. The short line on the letters, such as 
_

pV , denotes the average P-
wave velocity of upper and lower layers. The symbol Δ , such as zεΔ , 
denotes the difference of generalized WA parameter zε  between upper and 
lower layers. Each generalized WA parameters are expressed as 
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(13) 

where the P- and S-wave velocities ,p sV V  of background isotropic medium 

are assumed to be known in the following derivation and 

ρ
ij

ij
C

A =
 .  
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For Viscoelastic OA medium, we combine eqs. (2), (10) and (11) and 
replace 

ijA  in eq. (13), which yields the complex generalized WA 

parameters related to WA parameters, background attenuative factors and 
complex compliance tensors. Assuming that small compliance tensors 

1~~ <<βα， , weak WA parameters 1<<δγε ，， , low-loss Q-dependent WA 

parameters 1<<QQQ δγε ，，  and low-loss inverse quality factors of 

background 1, 11 <<−−
SP QQ  , we neglect high-order terms of WA parameters, 

Q-dependent WA parameters and inverse quality factors of background, and 
the product terms of any two of the four parameters (compliance tensors, 
WA parameters, Q-dependent WA parameters and background attenuative 
factors). 

  
By introducing the generalized WA parameters into eq. (12), we can 

obtain the expression of reflection coefficient linearizing the model 
parameters: 

 
Rpp θ ,φ( ) = RPPiso θ( )+ RPPadi θ( )+ F1 θ( )δ + F2 θ( )ε + F3! θ ,φ( )α!11+ F4! θ ,φ( )α!12 +
F5
! θ ,φ( )α! 22 + F6! θ ,φ( )β!1111+ F7! θ ,φ( )β!1112 + F8! θ ,φ( )β!1122 + F9! θ ,φ( )β!1222 + F10! θ ,φ( )β! 2222

,                

(14) 

F is the sensitivity matrix. For details, please refer to the formula (25) in the 
paper published by Far et al. (2013). 
 

Fracture compliance tensors are integrated embodiment of many 
fracture property parameters (such as density, area and strike of fracture). 
Reservoir physicists pay more attention to the physical parameters directly 
related to fracture. Therefore, it is difficult to directly characterize fractured 
reservoirs only by inversion of compliance tensor. Furthermore, taking 8 
unknown parameters as inversion targets greatly reduces the stability and 
accuracy of the results. Considering the importance of specific compliances 
in characterization of fracture and attenuative factors in prediction of fluid, 
the reflection coefficient for directly estimating specific compliances and 
attenuative factors is derived under the assumption that the fracture density, 
area and azimuth has been computed accurately before inversion: 

 
( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
1 2

1 1
3 4 5 6

,

, , , ,

iso adi
pp PP PP

T N PN SN

R R R P P

P B P B P Q P Q

θ φ θ θ θ δ θ ε

θ φ θ φ θ φ θ φ− −

= + + + +

+ + +      
,                 (15) 
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where 1 1 1
PN P NQ Q Q− − −=  and 1 1 1

SN S NQ Q Q− − −=  are the integrated P- and S-wave 

inverse quality factors, respectively. P is the sensitivity of WA parameters, 
specific compliance and comprehensive attenuation factor. Assuming small 
specific compliances , 1N TB B =  and low-loss inverse quality factors of 

background, we neglect the product terms of any two of the four parameters 
(

NB , 
TB , 1

PQ
− , 1

SQ
− ). 

 
 
 
EXAMPLES AND RESULTS 
 
 A two-step inversion strategy is adopted to estimate the azimuth-
independent WA terms and the azimuth-dependent fracture attenuation 
terms. In this article, synthetic AVOA data will be used to verify reliability 
of proposed method in inversion of WA parameters, specific compliances 
and attenuative factors. The geological model used in the experiment has 
viscoelastic orthorhombic symmetry. It is assumed that fracture azimuths 
are 70°. In fact, it is difficult to obtain two important property parameters 
(fracture aperture and radius) accurately in micro scale. Under different 
lithology or compaction, the fracture aperture can vary in the order of 
millimeter to centimeter. In general, the fracture aperture decreases with 
burial depth. Because of the different stress and strain conditions in the 
field, the fracture aperture information of the whole work area cannot be 
completely and accurately obtained from outcrop or core data. The results 
by Ge et al. (2020) show that fracture aperture has a significant influence on 
the estimation of fracture density. Acceptably, fracture aperture will not 
change greatly within the reservoir depth (Worthington, 2008). Similarly, 
fracture radius measured from logging or core is not credible because 
fracture cannot extend indefinitely in the stratum and multiple short 
fractures may be welded together to form long fractures at the end points 
(Worthington, 2008). In order to deal with this problem, we use the average 
value to equivalent the fracture aperture and radius in the study area. Based 
on the empirical data of seismic anisotropy interpretation researchers, this 
paper assumes that average fracture aperture and radius are 1 mm and 10 m, 
respectively. Thus, the average fracture area is 0.02 m2. We have 
constructed specific compliances and integrated attenuative factors curves 
with variation at depth, as displayed in Fig. 2. 
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Fig. 2. The curves of specific compliances and integrated attenuative factors constructed 
as model parameters. 

 

We construct the parameter curves (Fig. 3) of background medium, in 
which elastic properties , ,p sV V ρ  are taken as known information to 

compute the reflectivity ( ) ( ),iso adi
PP PPR Rθ θ , and sensitivity matrix G and S. 

WA parameters, specific compliances and integrated attenuative factors 
curves are taken as model parameters to be solved.  

 

Fig. 3. A well log model referred to VTI background parameter curves. P- and S- wave 
velocity ,p sV V , density ρ , Thomsen parameters , ,ε δ γ . 

 
 
Based on convolution theory, we use eq. (16) to synthesize multi-

azimuth gathers (Fig. 4a) as the input of inversion. During convolution, a 
stationary 30 Hz Ricker wavelet are used to smooth reflectivity. In order to 
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trial the stability and accuracy of proposed inversion in noisy environment, 
we add Gaussian random noise with signal-to-noise ratio (SNR) of 5 and 2 
to Fig. 4a, as shown in Figs. 4b and 4c.  

 
a) 

 

b) 

 

c) 

 
Fig. 4. Synthetic multi-azimuth gathers calculated with the proposed algorithm.  
(a) noise-free, (b) SNR = 5 and (c) SNR = 2. 
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We first use the data along fracture strike = =70ϕ φ o to calculate the WA 
parameters of VTI background. The corresponding inversion results are 
displayed in Fig. 5, from which we can observe that stability and accuracy 
of WA parameters decreases with the increase of noise, but results are in 
good agreement with the true values. 

 
a)           

b)                   

 

c) 

 

Fig. 5. Comparisons between true values (red) and inversion results (black) of Thomsen 
parameters. Blue lines mean initial models created by smoothing true values. (a) noise-
free, (b) SNR = 5 and (c) SNR = 2. 
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We next use the obtained VTI background WA parameters as known 
parameters to perform the second step inversion of specific compliances and 
integrated attenuative factors. The corresponding inversion results are 
displayed in Fig. 6. We can observe that stability and accuracy of the four 
model parameters decreases with the increase of noise. In general, the 
results can reflect the change trend of truth value. 

 
a) 

 

b) 

 

c) 

 

Fig. 6. Comparisons between true values (red) and inversion results (black) of specific 
compliances and integrated attenuative factors. Blue lines mean initial models created by 
smoothing true values. (a) noise-free, (b) SNR = 5 and (c) SNR = 2. 
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DISCUSSION and CONCLUSIONS 

 
Based on frequency-dependent attenuative theory, a two-step linear 

Bayes’ AVOA inversion method for Thomsen parameters, specific 
compliances and integrated attenuative factors is established for viscoelastic 
OA media. The application results of synthetic azimuthal gathers reveal that 
the novel method is reliable in estimation of WA parameters of VTI 
background, specific compliances and integrated attenuative factors. In 
proposed method, elastic properties of VTI background in MA media are 
assumed to be known, and a two-step strategy is suggested in practical 
inversion. Fracture density, radius and aperture are key characteristic 
parameters in inversion, which are taken as prior information. It is not 
realistic to measure the fracture density, radius and aperture of the whole 
fractured reservoir. It is reasonable to derive the average value of a certain 
reservoir section according to the survey data or empirical formula of 
petrophysics researchers. The reliability of the proposed method in 
estimation of attenuation-related knowledge have been confirmed by using 
synthetic data. 
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